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1 Introduction

This paper develops a Branch & Cut algorithm to solve the stable set problem. Therefore, let
G = (V, E) be an undirected graph with node set V' and edge set E. Then, a stable set of graph
G is defined as a (sub)set S of node set V with the property that each pair of nodes of S are
not connected via an edge in graph G; i.e., the nodes are pairwise non adjacent. A stable set
is sometimes also called independent set, vertex packing, co-clique or anticlique. We associate a
node weight ¢; with each node i € V' in graph G; the case of ¢ = 1 is allowed. The maximum
stable set problem aims to find a stable set S which maximizes the node weights of S; i.e.,
>ies Cir

The maximum stable set problem is one of the ‘classical’ combinatorial optimization prob-
lems and has many applications, see for instance Strickland et al. (2005), Vries and Vohra (2003),
Bomze et al. (1999), or Rebennack (2006). However, the stable set problem still remains compu-
tationally difficult to solve. It belongs to the class of N'P-hard problems (Garey and Johnson
1979). Moreover, it is even hard to approximate (Arora and Safra 1992; Fujisawa et al. 1995).

Different approaches have been discussed in the literature to solve the stable set prob-
lem exactly. For a list of exact methods, we refer to Bomze et al. (1999), Butenko (2003),
Warren and Hicks (2006), Rebennack (2008), and Avenali (2007). Computational results for
different stable set linear programming relaxations have been reported by Gruber and Rendl
(2003). The development of Branch & Cut solvers was driven by Mannino and Sassano (1996)
through their introduction of the edge projection. This work was adapted to separation rou-
tines by Rossi and Smriglio (2001). Their resulting Branch & Cut algorithm still provides one of
the best dual bounds obtained by cutting plain approaches and their handling of the Branch &
Bound tree has no competition. Therefore it is used as a benchmark for our computations. Branch
& Price methods have also been successfully applied to the stable set problem (Warrier et al.
2005; Warrier 2007). Recently, promising results have been obtained by semidefinite program-
ming relaxations of the stable set polytope (Dukanovich and Rendl 2007) and Lagrangian relax-
ations (Campelo and Correa 2009).

This paper extends the theory of the edge-projection methodology introduced by Mannino and
(1996). In particular, we provide examples of a facet-defining inequality for the projected graph
which is not facet-defining for the original graph and vice versa. Furthermore, we are able to give
a sufficient condition for an inequality, obtained from the edge-projection, to be facet-defining
for the original graph. As a third result, the edge-projection is extended to be valid for general
inequalities, under some defined conditions.

The implemented Branch & Cut algorithm in this paper combines several different separation
routines: the odd-hole inequalities, clique inequalities, rank inequalities, mod-k inequalities, local
cuts and large cuts are separated. The separation of mod-k inequalities and local cuts is new for
the stable set problem. Extensive computational results are presented, using some of the DIMACS
benchmark graphs. The upper bounds are good compared to the Branch & Cut algorithm by
Rossi and Smriglio (2001).

This paper is organized as follows. In Section 2, the edge projection and the concept of
local cuts are discussed. Section 3 describes the implemented Branch & Cut algorithm while
computational results are presented in Section 4. We conclude with Section 5.

2 Separation Routines

In this section, we discuss the separation of the rank inequalities (Section 2.1) and so-called local
cuts (Section 2.2).

Sassano



2.1 Rank Inequalities

The so-called edge-projection was introduced by Mannino and Sassano (1996) in order to sepa-
rate the rank inequalities

z(W) =Y 2 < a(GW]), (1)

v, €W

for graph G = (V, E) and subset W C V; where a(G) denotes the stability number of graph G.
The rank inequalities are a large class of valid inequalities for the stable set polytope; i.e., the
edge, odd-cycle, clique, antihole, web and antiweb inequalities belong to this class.

The appealing idea of the edge-projection is to reduce the size of the graph and to make it
denser at the same time. This process, which is called edge-projection, should fasten the separation
routines for a class of rank inequalities for the resulting graph, for instance the clique separation.
Once a violated inequality for that smaller graph has been found, it is adjusted to be valid
for the whole graph. This process is called anti-projection. After reviewing the latest results of
Rossi and Smriglio (2001) we will discuss some new polyhedral aspects.

We start with an exact definition of the projection of a graph G. For a given edge e = uw the
new graph is constructed in the following way. Both endnodes u, v of edge e and their common
neighborhood Iy, := I'(u) N I'(v) are deleted from the graph. This has the effect that the edges
in the set

Eyw = {vjvj € E|v; or vj € I'yy U{u,v}}

are removed, too. In addition, new edges, the so-called false edges, are added. In the new graph,
every node which is a neighbor of node u but not of v is adjacent to all nodes which are neighbors
of v but not of u. The corresponding edge set is defined as

Eyy = {vivj |viv; € V\ ({u,v} U L,) and I'({vs,v;}) 2 {u,v}}.
The elements e of E,, are called false edges, if e ¢ E. We get the formal

Definition 1 The graph Gle := (Vle, Ele) with Ve := V' \ (I'y, U {u,v}) and edge set Ele :=
E\ Ey U Ey, is called the projection of e in G.

In order to have a chance to make a rank inequality of Gl|e valid for the polytope of the original
graph G, we only consider edges e with a special property. An edge e = uv € FE is called
projectable in G, if there is a maximum stable set S* in G such that §* N {u,v} # 0. It is called
strongly projectable in G if it is projectable in every induced subgraph of G containing both u
and v. These definitions indicate the following

Lemma 1 (Mannino and Sassano 1996) Let e = uv be a projectable edge in G. Then a(G) =
a(Gle) + 1.

This implies that a valid rank inequality for the projection G|e can be anti-projected by adding
the deleted nodes of the projection step. This is stated in the following theorem.

Theorem 1 (Rossi and Smriglio 2001) Let e = uv be a projectable edge in G and W C Vle. If
x(W) <1 is a valid rank inequality for Psrap(Gle), then x(W) 4+ x(Lyy) + Ty + @y < 1+ 1 is
valid for Pspap(G).

The next question is how the projectable edges can be characterized. Therefore we consider first
the case of strongly projectable edges.



(a) Diamond (b) Bull (c) Double fork

Fig. 1 Diamond, bull and double fork; see also (Rossi and Smriglio 2001, Fig. 1)

Theorem 2 (Rossi and Smriglio 2001) An edge e = wv € E is strongly projectable in G, if and
only if it is not the central edge of an induced subgraph isomorphic to a diamond, Fig. 1 (a), a

bull, Fig. 1 (b), or a double fork, Fig. 1 (c).
Theorem 2 indicates the following necessary condition for a strongly projectable edge.

Corollary 1 If edge uv € E is strongly projectable in G, then the common neighborhood Iy, is
a clique.

Proof Let uv € E be a strongly projectable edge and I, be no clique. Then there are two nodes
v, v in set I, which are not adjacent. This implies that the graph indicated by the nodes v;,
v;, u and v is a diamond with central edge uv which is a contradiction to Theorem 2.

According to its definition, every strongly projectable edge is projectable. This implies

Theorem 3 (Mannino and Sassano 1996) An edge e = uv € E is projectable in G, if it is not
the central edge of an induced subgraph isomorphic to a diamond or a bull or a double fork.

Note that in this case we only have one direction. In fact, it is N'P- hard to check whether an edge
is projectable or not (Mannino and Sassano 1996). In contrast, Theorem 2 provides a method
to test strong projectability in polynomial time. For practical use however, it turns out that
the number of strongly projectable edges for the relevant graphs is quite small. A check of the
DIMACS Challenge benchmark graphs (DIMACS 1992/1993) shows that they do not contain
any strongly projectable edge'. The MANN graphs form an exception according to there special
structure arising from the transformation of the set covering problem. In these four graphs half of
the edges are strongly projectable. To use the projection nevertheless, we help us with a trick. The
following corollary will enable us to make any edge uv strongly projectable in a smaller subgraph.
The idea is to remove some edges which destroys the strong projectablity. Now consider

Corollary 2 (Rossi and Smriglio 2001) Let e = wv € E. If I'(u) \ {v} is a clique, then uv is
strongly projectable.

To make an edge uv strongly projectable, one can select a clique @ from set I'(u) \ {v} and
delete all edges uw where w is in set I'(u) \ ({v} U @Q)—the same could be done for node v. The
drawback is that the deletion of edges changes the structure of the resulting graph and decreases
the density which negatively effects the projection. To reduce this drawback, one idea could be

I Tested graphs: brock200.1, brock200-2, brock200_3, brock200_4, brock400_1, brock400-2, brock400.3,
brock400-4, brock800_1, brock800-2, brock800-3, brock800-2; c-fat200-1, c-fat200-2, c-fat200-5, c-fat500-1, c-
fat500-2, c-fat500-5, c-fat500-10; hamming6_2, hamming6_4, hamming8_2, hamming8_4, hammingl0-2, ham-
mingl10_4; johnson8-2-4, johnson8-4-4, johnsonl6-2-4, johnson32-2-4; keller4, keller5; p-hat300-1, p-hat300-2,
p-hat300-3, p-hat500-1, p_hat500-2, p_hat500-3, p_-hat700-1, p_hat700-2, p_hat700-3, p-hat1000-1, p_hat1000-
2, p-hat1000-3, p_hat1500-1, p_hat1500-2, p_hat1500-3; san200.0.7_1, san200-0.7_2, san200-0.9_1, san200.0.9_2,
san200-0.9_3, san400.0.5_1, san400-0.7_-1, san200-0.7-2, san200-0.7_3, san200-0.9_1, sanl000; sanr200.0.7,
sanr200.0.9, sanr400_0.5, sanr400.0.7; C125.9, C250.9.



to compute a large clique. Unfortunately, the computation of a maximum clique in an arbitrary
graph is AP- hard and one has to use a heuristic.

Now consider an example. In Fig. 2 (a) we select the edge vsvs as a candidate for the projec-
tion. As this edge is not the central edge of an induced subgraph isomorphic to a diamond, bull
or double fork, it is strongly projectable. We recognize that I'(vs) \ {vs} = {v2,v4} is no clique
but the criteria of Corollary 2 holds for node v3. The projection of vsvs removes nodes vz, vy
and vs and adds the false edge vovg. This can be seen in Fig. 2 (b). A separation routine could
find the clique inequality x; + z2 + x¢ < 1. Note that this inequality is not valid for the whole
graph G. The anti-projection adds the deleted nodes to the inequality and increases the right
hand side by value one. We obtain inequality 2?21 x; < 2 which is facet-defining for Psrap(G).
Removing of edge vavy changes the problem completely. Consider therefore Fig. 2 (c¢). The com-
puted inequality is no longer valid as the edge wvsvs is not strongly projectable any more. It is
the central edge of a bull. We use the idea indicated by Corollary 2 and compute a (maximum)
clique Q. In this case we choose @ = {vo}. Edge vzvy is removed and after the projection we
obtain the graph of Fig. 2 (d). Using again the clique inequality indicated by v, vo and vg leads
to inequality x1 + x2 + x5 + x5 + ¢ < 2 which is now valid for Pspap(G).

V2
— v1 1
proj.
v
(b) Glvzvs
v2
— U] 1D v
proj.
V6 U5 V6
(c) G\ {vava} (d)

G\ {v2va }vsvs

Fig. 2 Edge-projections. The dashed-line are the false edges added during the projection.

In both examples of Fig. 2 the rank inequality for Psrap(Gle) cannot be trivially lifted,
because it is not valid for Pspap(G) without anti-projection. The reason is that the graph
induced by the inequality contains a false edge. Clearly, a rank inequality Zv,;EV Bix; < by,
denoted by (3, bp), in the graph Gle, whose induced subgraph does not contain any false edge,
is also valid for Psp4p(G) without anti-projection. Observe that the anti-projected inequality
is dominated by (8,b9) and x(I,) < 1, according to Corollary 1. Hence, it is better not to
anti-project the inequality (3, b).

Let us now consider the case that we have found a facet-defining inequality in Gle, for instance
a maximal clique. This is illustrated in Fig. 3 (a) and (b). The inequality after the anti-projection
is not facet-defining for Psr5(G), as it is dominated by the two edge-inequalities z1 + x4 < 1
and zo + x3 < 1. In addition, it is not even a necessary condition for a facet-defining rank
inequality of G that the inequality on Gle before the anti-projection is facet-defining. This is
shown by Fig. 3 (c¢) and (d). The inequality in (d) is dominated by the two clique inequalities
21+ 24+ x5 <1 and xg + x7 + xs < 1, while the inequality according to (c) is facet-defining.
Let us summarize this in the following lemma.



Lemma 2 A facet-defining inequality for Psrap(Gle) is not in general facet-defining for Psrap(G).
It is not necessary for a rank inequality to be facet-defining for Pspap(G) that the inequality be-
fore the anti-projection is facet-defining for Pstap(Gle).

v2 U3 v2
e —- CP
proj. é

v1 V4

(a) Not facet inducing

proj.

(¢) Facet inducing (d) Not facet inducing

Fig. 3 Edge projections and facet-defining inequalities

Let us look more closely at the polyhedral structure of the edge-projection. For the case of
an inequality being facet-defining on G — I,,,, sequential lifting can be used to lift it to a facet-
defining inequality for Pspap(G) (?Padberg 1973). Therefore, let W C V and (W) < be a
facet-defining rank inequality for Pspap(G — I,) for a strongly projectable edge uv € E. Then,
the inequality

z(W U {u,v}) + Z a;r; <141
Vi €y
with coefficients
a; =14+1—a(GIW\ I'(v;)])

is facet-defining for Psr4p(G). Note that in this case the coefficients for I, are independent of
each other. They are uniquely determined by the objective function value of a stable set problem
on a subgraph of G. As the coefficient depends on the stability number of an induced subgraph,
it may become too time-consuming to calculate it exactly. However, to strengthen the inequality
(W) <1 it would be enough to have an upper bound a for a(G[W \ I'(v;)])). The new coefficient
is then a; = max{1,l+1—a}. Hence, if & < [+1 the resulting inequality is already strengthened.
As this subproblem is a maximum-cardinality stable set problem, one could use for instance a
clique covering for the upper bound a.

‘We have seen that an anti-projected inequality can be lifted to a facet, whenever its restriction
on G—1I7, was facet-defining. In the following, we introduce a sufficient condition for an inequality
to be facet-defining for Psrap(G — I,,) after the anti-projection. What we need is a special
edge. We call a false edge € critical for an inequality (3, by) and a strongly projectable edge e, if
inequality (3, bg) is not valid any more for Psrap(Gle) if € is deleted from Gle.

Proposition 1 Let e = uv € E be strongly projectable, W C Ve, and x(W) < be facet-defining
for Pspap(Gle). If for e and (W) < | there is a critical edge, and a stable set S C W in Gle
such that SN T(u) = SNT(v) = 0 and |S| = 1, then the inequality x(W U {u,v}) < 1+ 1 is
facet-defining for Pspap(G — I'yy).



Proof Let 0 € R”, by € R with
for all stable sets S in G — Iy : XS (W U{uv}) =1+1 = 3"x5 = by. (2)

We have to show that there is a constant £ € R with § = & - xWY %} and by = ¢ - (1 4 1). This
will be done in three steps. B N

First step. We will show that 8, = 3,. Let S be as assumed. Then S U {u} is a stable set on
G with cardinality I + 1. This implies together with (2) that 87 (xS + x1*“}) = by. The same can
be shown for v which gives 87 (x% + x{"}) = by. These two identities imply £, = f,.

Second step. The existence of a constant § € R with 3|y, = ¢-x" will be shown where Blvie
means the restriction of § to the set V|e C V. According to the definition of the projection Gle,
the addition of one of the two nodes u or v to an arbitrary stable set S in Gle will lead to a
stable set in G (this is only valid for one of the two nodes in general). Otherwise S would contain
a node w; € I'(u) and a node we € I'(v) which is a contradiction as w; and ws are adjacent in
Gle. Therefore for all stable sets S C W in G|e with cardinality ! there exists a node w € {u, v}
with

(X + X)W U {u,0}) =1+1.

This implies together with (2) that 8T (x® + x*) = bo. With the result of the first step we get
that ﬁT|V‘€X3 = b — f3, for all stable sets S in Gle satisfying xS (W) = . Since z(W) < [ is
facet-defining on Psr4p(Gle) there is a constant § € R with By, = & - XV

Third step. It will be shown that £ from step two satisfies & = 3, (= (). Let € = wiwy be
a critical false edge. Then there is a stable set S C W in Gle with size | — 1 and the property
that after deleting € from Gle the extension S U {wy, w2} is a stable set. It can be assumed that
wy € I'(u). Then

Xsu{wl’wZ}(W U{u,v}) =1+1
and XS (WU {u,v}) = 1+ 1.

This enables us to use (2) and we obtain BT xSUtwrwat — pand BT SU{wn} = . Comparison
of the coefficients yields the equality B, + Bw, = Bw, + By which can be simplified to Gy, = .
As wy is in Ve we get from step two that £ = 3,.

Up to this point we have shown that there is a constant & with 3 = & - YWU1wv}t Ag the
inequality x"W“{**} <141 is valid and the face is not empty, by = & - (I + 1) and the proof is
complete.

The assumptions of Proposition 1 are satisfied if W is a maximal clique in Gle with size 3 or more
and one of its edges € is a false edge. In this case, € is a critical edge in G|e and one can choose
S = 0. If in addition the nodes of I',, are only adjacent to u, v, I'(u) or I'(v) the anti-projected
clique inequality is facet-defining for Psrap(G). If W = Ve induces an odd hole in Gle and E|e
contains a false edge, then the anti-projected inequality is facet-defining for Psrap(G — I'yy)-
For lifted odd-cycle inequalities in Gle this is not generally true. There is an counterexample
with only 6 nodes.

One observes that all the presented results were restricted to rank inequalities. The reason is
that the anti-projection may fail for general inequalities. An example is given in Fig. 4. The graph
of sub figure (a) is projected with the strongly projectable edge v;vg. The result can be seen in
sub figure (b). This graph contains one 5-cycle and the two nodes vz, vs which are adjacent to
all nodes of the graph. The resulting wheel inequality reads

5

in + 226 + 229 < 2.
=1



(a) Not facet inducing rank inequal- (b) 5 wheel with 7 nodes
ity

Fig. 4 Edge-projection for general inequality

The anti-projection with Theorem 1 would result in the inequality

5
Z$i+2$6+$7+$8+2$9§3-

i=1
This inequality is no longer valid since {vg, v} is a stable set in G which violates the inequality.
With this example it is obvious that the anti-projection fails whenever there is a false edge with
the property that the coefficients of both of its endnodes have a value greater than 1. The next
proposition deals with these cases and extends the edge-projection to general inequalities. We
define max () := 0.

Proposition 2 Let e = uv € E be a strongly projectable edge and > a;x; <1 be valid for

v, EVle
Pstap(Gle) and not dominated by a non-negativity facet. The inequality

Z a;x; <1+ a with a; := a := max {a; | v; is an endnode of a false edge }
v, EV

for all v; € V\ Ve is valid for Psrap(G).

Proof Without loss of generality we can assume that a; € Ny for all v; € V]e. Let S be a stable
set on G, with a node-weighting ¢ which is given through the coefficients a; of the inequality

v, EV

We construct a stable set S on Gle and show that if S satisfies the inequality

v, EVle

then S satisfies inequality (3). Therefore we consider the following cases and assume first that
Fuv = @

Case 1: u € S. This implies that v ¢ S and that there exists no v; € I, with v; € S. Hence,
the set S := &\ {u} is a stable set on Gle with a(G.[S]) = a(G.[S]) + a,. This shows that S
satisfies (3) if S satisfies (4).

Case 2: w ¢ S and Ju; € I, with v; € S. Let w € I, be in S. If there is no such w the set S
is a stable set in G|e and there is nothing to show. Since edge e is strongly projectable it cannot
be the central edge of a double fork which implies that

(S\A{vi,wh) NIy =10
or (S\{v,,wh)Nnr, =0
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Without loss of generality let (S \ {v;,w}) NI, = 0. Then S := & \ {v;} defines a stable set in
Gle which shows that in this case inequality (3) is valid for S.

We only have to discuss the case I',, # () as all other cases are trivial or equivalent to the
two cases discussed above. Let w € Iy, be in S. We claim that S := S\ {w} is a stable set on
Gle. First of all S C Ve as Iy, U {u,v} is a clique, compare Lemma 1. It defines a stable set on
Gle because e is strongly projectable and therefore not the central edge of a bull. This closes the
proof.

In case the computed inequality in the projected graph does not contain any false edge, Propo-
sition 2 uses the observation that this inequality is also valid for the graph before projection.
In this case inequalities (3) and (4) are identical, as a = 0. Consider again Fig. 4. The use of
Proposition 2 gives 2?21 T + Z?:G 2x; < 4. This inequality is valid for Pspap(G) and even
facet-defining.

We close this section with two remarks. Up to this point we have considered only one edge-
projection but it can also be done iteratively. The theory can be adopted straight forward without
any new result or restriction but it becomes a little bit technical. For all its details we refer again
to Rossi and Smriglio (2001). The second remark is on the weighted stable set problem. Since the
computed inequalities are valid for the stable set polytope, they can also be used by separation
routines of a maximum-weight stable set problem.

2.2 Local Cuts

The principle of this method goes back to a separation routine for the traveling salesman problem
introduced by Applegate et al. (2001). The proposed method is similar to the one presented by
Warrier (2007). However, in contrast to our approach, the point z* has to be an inner or interior
point of the polytope.

Fig. 5 Local Cut

We explain the principle with Fig. 5. If one knows all feasible solutions Si,...,S,, of a
particular problem, for instance the stable set problem, one could check if a vector z* lies in
its convex hull or not. If it lies outside, the aim is to compute a face (with high dimension)
separating this point from the convex hull. Therefore, one has to find an interior point I of the
convex hull and calculate all vectors s; from I to the feasible solution S;. Let ¢ be the vector
according to point /. A cone combination of 2* — 4 with the vectors s; provides the information,
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if I is inside or outside the convex hull. Therefore, consider the following LP

min 17\ max (z* —i)'y (5)
st (81, ,8m)A=a" —1i and its dual s.t. (sf,...,SL)Ty <1 (6)
AeRT y € R™. (7)

If 17\ > 1, z* lies outside the polytope. Combined with the complementary slackness, we obtain
y' (" —i)<1 (8)

which defines, according to construction, a face of the polytope. The left hand side of (8) depends
on i and the dual variables may be fractional. As this inequality defines a face, the coefficients
have a greatest common divisor (gcd), which may be fractional, too. Finally, we get the so-called
local cut

1

~T ~T.

< | — 7] . 9
gy z< Lgc Sty J (9)
The feasible solutions S, ..., S, correspond to vertices of the corresponding polytope. This

enables us to formulate the following corollary.

Corollary 3 Given is a polytope P, all vertices S1,...,Sm of P, an interior point i and a point
x*. If problem (5)—(7) has an optimal solution for x*, then the local cut (9) is a feasibel inequality
for polytope P.

Proof Assume that (3) is not valid for a point & which lies inside the polytope P. Then,

7 x< 7' (10)

L,
ged
is also not valid. Inserting Z and multiplying by ged yields to (8) which can be written as

y (T —i)> 1. (11)

Now, let y* be an optimal solution to the dual (5) - (7). Then, as y is a feasible solution to the
dual and the dual is a maximization problem, we get

vy (z—i) >y (z—1) > 1. (12)

Strong duality implies that for the primal problem 1 "X > 1 which contradicts the assumption
that z is valid for polytope P.

The obtained inequality (9) depends on the interior point i. Furthermore, choosing point i
from the boundary of the polytope may not lead to a facet. Therefore, consider the stable set
polytope for a triangle. Choosing the origin as interior point leads to an edge-inequality which
is dominated by the clique inequality. Also, recognize that the primal problem (5) - (7) is not
feasible for all interior points ¢ - due to the non-negativity constraints for A.

The complexity of this method is dominated by the enumeration of all feasible solutions and
by the solution time for the linear program. Therefore, it is obvious that such a local cut (9) will
not be computed for the whole graph. Hence, one has to select a subgraph and compute the cut
there. This explains the name “local cut” since it is valid “locally,” for the smaller graph. To
obtain a valid inequality for the poltyope P, one has to lift inequality (9).
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3 Branch & Cut Algorithm

In this section, we discuss the implemented Branch & Cut algorithm for the stable set problem.
Some computational results are then presented in Section 4. We assume that all graphs are
connected.

The implemented Branch & Cut algorithm starts with a preprocessing phase; see Section 3.1.
After the preprocessing has been performed, the first LP-relaxation is set-up via a clique covering.
For each node of the graph, one maximal clique containing it is constructed.

After an LP in the Branch & Bound tree has been solved, all edge-inequalities are tested to
see if they are satisfied. Whenever an edge-inequality is violated, a maximal clique containing
this edge is computed and added to the LP.

In general, after an LP has been solved, one can check if the solution is integer feasible. If this
test fails, the separation or branching step is called. Between these steps one can use heuristics to
increase the global lower bound (for a maximization problem). With the information of the LP
solution, we can construct a maximal stable with the following rounding heuristics. First, put all
nodes in a set S which solution vector has value 1. Then, set S is a stable set as it is assumed that
solution x satisfies the edge-inequality. The neighbors of the added nodes are marked that they
cannot get a member of S. Then, step by step, unmarked nodes are added to set S according to
a defined weight (i.e., ¢;2;) until only marked nodes are left.

As a first heuristics, we round the fractional LP solution until a stable set is computed. After
this rounding heuristics has been executed, a so-called improving heuristics is called. For the
improving heuristics, a stable set is given and the aim is to compute a stable set of larger weight
(size). Therefore, three nodes in the current stable set are selected where one is labeled as ‘¢’.
If the distance? of node t to the other two nodes is greater than 3, the paths are node disjoint,
no other node of the stable set is included in these two paths and the nodes in both paths are
not connected via an edge, then the stable set can be increased by exchanging the node ¢ of the
stable set by the two adjacent nodes of ¢ in the computed paths. This procedure is repeated until
a time limit is reached.

If the gap cannot be closed by the heuristics, then the separation process starts. The imple-
mented Branch & Cut algorithm performs the following separation routines (in this order)

1. odd-hole inequalities and lifts the computed 3-cycles to maximal cliques (lifting is in linear
time),

clique inequalities (via heuristics),

rank inequalities (via edge-projection),

mod-{2,3,5,7} cuts,

local-cuts, and a

large rank inequality.

OO N

Whenever less violated cuts than |G|/10 are computed, the next separation procedure in this list
is called; except the last method. This is only called if none of the other separation routines can
find any violated cut.
A polynomial separation algorithm for the class of odd-cycle inequalities was given by Gerards and Schrijver

(1986). A necessary condition for an odd cycle inequality to be facet-defining for the stable set
polytope is to be chordless. Hence, we prefer the separation of the odd-hole inequalities instead of
the odd-cycle inequalities in a Branch & Cut framework. Separation of the odd-hole inequalities
are given by Grotschel et al. (1988), Nemhauser and Sigismondi (1992), and Rebennack (2006).
In general, a separation routine aims to find a most violated inequality of a certain class for a
given fraction solution. However, in order to compute a solution for a stable set problem via a

2 The distance between two nodes in a graph is the length of a shortest path connecting these two nodes.
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Branch & Cut algorithm, it is more interesting to get any violated inequality, within a tolerance
¢ > 0. The odd-hole separation going back to Gerards and Schrijver (1986) is based on solving
several shortest path problems on a modified graph (Rebennack 2006, Chapter 4.2.1). This allows
to obtain several odd-hole inequalities instead of only one, with the no additional computational
effort. If the size of any cycle is equal to 3, we lift it to a maximal clique, since we know that the
resulting inequality is facet-defining; this little ‘trick’ is easy to implement, computationally fast
and also effective for the tested graphs; see Section 4.3.

The separation of the clique inequalities is itself NP- hard. Therefore we use a heuristic to
separate the clique inequalities. Randomly, an edge is selected and, step by step, a maximal
clique containing this edge is constructed. If one is lucky, the clique inequality is violated by the
current solution and it can be added to the linear program formulation.

We use the edge-projection in order to separate the rank inequalities. Notice that this sep-
aration is not exact in the sense that if the routine does not find a violated rank inequality, it
is not guaranteed that non exists. As mentioned in Section 2.1, the strength of edge-projection
lies in the reduction of the size of the graph and the increase of the density of the smaller graph.
This gets even stronger, when the edge-projection is used iteratively. The theory does not bring
anything new, but the implementation itself gets a bit tricky. As the separated inequalities have
to be anti-projected, the information how this inequality is computed has to be stored. For this,
we used a special tree structure where each node of the tree stores the information of one pro-
jection. Once an inequality has been found, it can be anti-projected by walking up the tree, see
Rebennack (2006, Chapter 5.2.3).

The appealing idea of the mod-k cuts is to find a multiplier 4 such that a particular inequality
system Ax < b multiplied with this vector p can be strengthened by dividing it by a positive
integer k. For more information, see Caprara et al. (2000), Fricke (2007), or Rebennack (2008).
We apply these cuts to the stable set polytope.

In order to compute a local cut, one has to enumerate all stable sets explicitly. As the number
of stable sets grows with O(2") this cannot be done for the whole graph. Therefore, a subgraph
has to be selected. We computationally observed that a size of 13 to 16 nodes for the subgraph
is computationally affordable; this leads to an LP with around 10000 inequalities; depending
on the density of the graph. We selection a subgraph as follows. First, select a node which LP
solution has a value close to 0.5 and add it to the graph. Second, select now some nodes of its
neighborhood and prefer again those nodes which LP value is close to 0.5. This is done iteratively
until the wished size of the subgraph is reached.

A so-called ‘large’ rank inequality means that the edge-projection is iteratively executed until
a graph of at most 75 nodes is reached. Then, this Branch & Cut solver is again used to solve
the maximum-cardinality stable set problem on this smaller graph. The optimum value together
with the nodes of the graph imply a rank inequality. This valid inequality is expected to have a
high support after the anti-projection and is therefore called ‘large’ rank inequality.

All computed inequalities are stored in a cut pool. Each inequality is only added if it is not
contained in the pool. After an LP has been solved, all inequalities which have a slack # 0
are removed from the formulation. If no cuts during the separation can be computed or if the
improvement of the LP solution is not better than 10~%, the branching phase starts.

The method of Balas and Yu (1986) is used for branching. The nodes of the induced subgraph
of the current subproblem are sorted in ascending order of their degree. After that a covering
of these nodes is constructed with the use of the rank inequalities stored in the pool. Step by
step the inequality which maximizes the ratio of the right hand side and the number of nodes
containing it is added. The Branch & Bound tree is scanned with the best-bound-first strategy.
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3.1 Preprocessing

Let LP denote the linear programming relaxation, containing (only) all edge-inequalities. Con-
sider now the following theorem.

Theorem 4 (Nemhauser and Trotter 1975; ?) Let z* be an optimal (0, %, 1)-valued solution of

LP. There is a mazimum stable set in G that contains S := {v; € V |z} = 1}.

In this section, we also allow for a clique the degenerated cases of one or two nodes. Imagine
there is a clique @ and a node v € @, whose neighborhood is a subset of the clique. If the weight
of this node is greater or equal to the weight of all other nodes of the clique, this node can be
added to a stable set and the whole clique can be deleted from the graph. This is summarized
in the following lemma.

Lemma 3 Let G, = (V, E,¢) be a node-weighted graph. Exists a node v; € V and a clique Q of
G with the property I'(v;) C Q and ¢; > ¢; for all vj € Q, then there is a mazimum stable set of
G which contains node v;.

Proof Use (Nemhauser and Trotter 1975, Theorem 1). Then node v; is then a maximum stable
set in G{vl}

As preprocessing, we iteratively use Theorem 4 to remove nodes from the graph which have value
1 and Lemma 3 to remove cliques from the graph, until both methods do not allow any further
fixing of nodes.

4 Computational Results

In this section, we present some computational results of the implemented Branch & Cut algo-
rithm for DIMACS benchmark graphs and uniform benchmark graphs.

The Branch & Cut algorithm is implemented in C++ with the ABACUS framework (Elf et al.
2001). We used ILOG CPLEX as the LP solver. The processor of the test run is an Intel Xeon with
2.8 GHz and 2.0 GB RAM. The CPU time limit is set to 12 hours. We tested the implemented
algorithm on DIMACS Challenge benchmark graphs (DIMACS 1992/1993) and uniform random
graphs (Sewell 1998, Chap. 4.1). The Branch & Cut algorithms of Rossi and Smriglio (2001)
are used as benchmarks. The DIMACS machine benchmarks have shown that our computer is
approximately 6.6 times faster than the one used by Rossi and Smriglio in 2001 .

All computed inequalities are checked with an independent program. For each inequality a
stable set problem on its induced subgraph is solved with the CPLEX mixed-integer program
solver to validate its feasibility. In addition, for all problems which could be solved in the root
node, an LP with the computed inequalities is solved. This LP solution always lies between the
optimum value and the LP solution of the Branch & Cut solver. The difference is due to the
removal of inequalities with slack zero after an LP has been solved.

Consider now Table 1 and 2. These tables contain the computational results of the imple-
mented Branch & Cut algorithm which is in the following abbreviated by “BC”. As benchmark,
we use “BC,qni” and “BCejigue” of Rossi and Smriglio (2001), separating the rank inequalities,
or only the clique inequalities, respectively. In the first 4 columns there is the information about

is the ratio of \VIQZ"% and « is the stability number

)

the problem instances. The density, “Den.,’
of the particular graph. The column “LB,.,,:” provides the (global) lower bound in the root of
the Branch & Bound tree. The next three columns give the LP solution value before branching.
This is rounded down equal to the dual bound. The values of BC are stated next to the results
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of the algorithm of the literature. This is followed by the information about the number of nodes
in the Branch & Bound tree which is the number of subproblems. The column “# LP” gives
the number of solved linear programs. The last three columns provide the needed CPU time in
seconds of the three algorithms. The graphs of Table 1 are the inverse graphs of the DIMACS
clique benchmark graphs.

4.1 DIMACS Graphs

Let us look at the test results for the DIMACS graphs in Table 1. The comparison of the
dual bounds of the three algorithms shows that BC is always better than BC.;qye. This is not
astonishing as BCqjique is mainly based on clique separation which is only one separation routine
in BC. However, the results of BC,jique can be used to evaluate the other separation routines of
BC, as one could expect that the results of BC would be similar to BCj;gu. if all other separation
routines of BC were turned off. For the whole algorithm, it is more interesting to compare BC
with the results of BC,.4nr. Observe that in most cases the dual bounds of BC are even better
than the bounds of BC,.4%. An exception builds the two graphs “C125.9” and “C250.9.” The last
graph could not even be solved to optimality by BC. The upper bound after 12 CPU hours was
still 57 and the gap 25.5%. All four “brock” graphs have quite good bounds compared to BC,.qpk.
The “c_fat” graphs are all solved in the root node. Especially “c_fat500-2” and “c_fat500-10” have
a very good result. Interestingly, the number of computed inequalities is quite small, see Table 3.
We again point out that all inequalities are checked. The LP with all computed inequalities for
“c_fatb00-2” has value 26.48 and the solution for “c_fat500-10” is integer feasible. The optimality
proof for all “san” graphs can be done in the root node if the optimum is known. Unfortunately,
the lower bounds for “san200.0.7_2,” “san200.0.9_3” and “san400.0.5_1” differ from the optimum
and the branching phase has to be entered. The gaps for the “p_hat300” graphs are quite big.
Nevertheless they can both be solved to optimality.

To some extent the downside of the good upper bounds is an increase in the CPU time. The
separation of the mod-k cuts has no effect on the upper bounds but were quite time consuming,
see Table 3. The computation of the local cuts and the large rank inequalities are also very time
consuming with only very little contribution to closing the gap.



Table 1: Computational results on DIMACS graphs

Branch & Cut

Instances LBoot LP value in root # B & B nodes # LP Time
Name [V] Dens. « BC BC  BCrank BCeigue BC BCrant BCeigue BC BC  BCrant BCeaigue
brock200.2 200 0.50 12 12 20.99 22.01 22.17 1002 1957 1510 2726 477 292 424
brock200.4 200 0.34 17 14 29.93 31.54 33.87 8227 8695 23457 13855 2128 661 683
brock400.2 400 0.25 29 22 63.84 67.66 70.89  161363° +++ +++  37746° 452070 +++ +++
brock400_4 400 0.25 33 23 63.89 67.98 71.85  186247° +++ +++ 488820 45714° +++ +++
c_fat200-1 200 0.92 12 12 12.71 12.86 12.98 1 1 1 3 1 33 27
c_fat200-2 200 0.84 24 22 24.00 24.00 24.00 1 1 1 5 1 38 25
c_fat200-5 200 0.57 58 58 58.89 65.25 66.66 1 1 42 90 16 146 92
c_fat500-1 500 0.96 14 11 14.00 14.98 14.90 1 1 1 16 323 697 1012
c_fat500-2 500 0.93 26 26 26.97 57.78 90.51 1 130 304 13 81 1038 1171
c_fat500-5 500 081 64 64 64.70 67.08 67.58 1 2 2 10 26 1751 1754
c_fat500-10 500 0.63 126 118  126.00 223.29  223.32 1 672 547 5 4 209 211
C125.9 125 0.10 34 34 41.26 37.40 43.15 1097 80 3136 2234 29 18 28
€250.9 250 0.10 44 43 69.76 58.30 71.91  207462° 141954 +++  83612°  49047° 115099 +4++
hamming8-4 256 0.36 16 9 16.00 16.00 16.00 1 1 1 3 1 89 89
keller4 171 0.35 11 11 14.83 14.95 14.96 990 2070 4256 2085 136 187 261

ST



Table 1: Continued

san200-0.7-1 200 0.30 30 16 30.00 30.71 30.69 1 1 1 4 1 17 24
san200-0.7.2 200 0.30 18 14 18.50 19.18 19.24 577 38 38 347 11 11 15
san200-0.9-1 200 0.10 70 69 70.00 70.00 70.00 1 1 1 4 1 2 2
san200.0.9.2 200 0.10 60 38 60.00 60.00 60.00 1 1 1 6 1 6 6
san200-0.9-3 200 0.10 44 39 44.00 44.80 45.68 10620 1 46 5359 74 8 5
san400.0.5.1 400 0.50 13 10 13.24 17.14 27.68 228 139 194 416 348 147 315
san400-0.9-1 400 0.10 100 73 100.00  100.40  100.40 1 1 1 12 2 131 131
p-hat300-2 300 0.51 25 17 33.81 34.19 34.42 1124 686 844 2327 912 1015 973
p-hat300-3 300 0.26 36 30 54.12 53.19 55.55 28064 32756 5667 44749 11703 8226 13228
+++  Could not be solved to optimality

b Statistics collected at CPU time limit

91



17

4.2 Uniform Random Graphs

The computational results of the uniform random graphs can be seen in Table 2. The graphs are
randomly constructed where each edge is selected with a fixed probability to be in the graph. As
the results of BC with BC, 4t and BCique are not 100% comparable they are listed separately.
Indeed, the average size of « differs. We recognize that the problems become harder to solve if the
density grows from 0.1 to 0.2. This is confirmed by the results in literature (Rossi and Smriglio
2001; Sewell 1998; Mannino and Sassano 1996). The lower boundsturn out to be close to the
optimal solution on average. However, the upper bounds are not so strong which explains the
high number of subproblems and solved linear programs.

A first impression of the performance of the two heuristics is given through the value of
“LBoot” in Table 1 and 2. It shows that in several cases the optimal solution is already found
in the root of the Branch & Bound tree. This is very important for the total running time of the
algorithm. The lower bounds not only affect the gap but also have a strong impact on the size of
the branching tree. Especially for the random graphs the improvement heuristic is very effective
and finds the optimal solution in many cases. For the graphs with 100 nodes and a probability of
10%, “G100-10,” in 20 out of 25 cases the improvement heuristic found the optimum. From the
much harder graphs “G150-20” still 13 instances were solved by this heuristic. In all other cases
the optimum has been computed via an integer solution. This changes for the DIMACS graphs.
Here, the rounding heuristic performed better than the improvement heuristic.

The preprocessing of Section 3.1 fails for the presented graphs. Not a single node can be
fixed. Only the two graphs “hamming6-2” and “hamming8-2” of the DIMACS graphs are solved
to optimality in the preprocessing step (not shown in Table 1). It turns out that the clique fixing
works for random graphs with up to 80 nodes and 0.15 density. The fixing due to the structure
of the LP is only effective for bipartite graphs. However, for the computation of the large rank
inequality this preprocessing is useful. As the graphs have a size equal to or less than 75 nodes
and the graphs have a different structure than the original graphs, some nodes can be fixed which
reduces the running time.



Table 2: Computational results on uniform random graphs

ST

Branch & Cut

Instances LBoot LP value in root # B & B nodes # LP Time

Name |V] Dens. « BC BC  BCrank BCiligue BC  BCrank BCeiique BC BC  BCrank BCeilique
G100-10 100 0.10 309 30.2 34.93 = = 233 = = 405 4 = =
G100-20 100 0.20 19.9 19.3  25.73 - - 346 - - 763 12 - -
G125.10 125 0.10 344 335  41.55 = = 1634 = = 2274 35 = =
G125.20 125 0.20 21.7 20.5 30.40 - - 1766 - - 3552 116 - -
G150-10 150 0.10 37.2 36.1  48.05 = = 8078 = = 12890 350 = =
G150-20 150 0.20 23.2 21.7  34.46 - - 8448 - - 13994 1211 - -
g100-10 100 0.10 314 = = 33.30 36.42 = 16 323 = = 4 5
g100_20 100 0.20 19.2 - - 23.13 26.66 - 26 676 - - 32 18
g125_10 125 0.10 33.3 = = 36.92 42.87 = 144 4046 = = 23 75
g125_20 125 0.20 21.2 - - 26.07 31.11 - 222 3006 - - 123 101
g150-10 150 0.10 36.8 = = 42.14 48.14 = 803 19160 = = 361 702
g150-20 150 0.20 223 - - 30.34 35.54 - 1121 44081 - - 475 976

—  Data not available
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4.3 Generated Cuts

Now consider the generated cuts for all tested graphs which is shown in Table 3. It has already
been mentioned that whenever an edge-inequality is violated, a maximal clique containing this
edge is computed. The number of these cliques is given in column two. In the next column the
number of odd-hole inequalities with support greater than or equal to 5 can be seen. This is
followed by the number of lifted 3-cycles to maximal cliques. The number of clique inequalities
computed by the clique heuristics can be seen in column “clique”. This is followed by the number
of computed rank inequalities, mod-£ cuts, local cuts and large inequalities. The smooth numbers
in the table come from the restriction of the separation routines. For instance the clique separation
is stopped if |G|/5 inequalities have been computed at the latest. Each inequality counts only
once in Table 3, even if it is computed several times.

Let us interpret the results. One observes that the number of odd-holes with size greater
than 3 is not so large compared to the total number of computed odd-cycles, which is the sum
of column three and four. In most cases the odd-cycles turn out to be triangles which can be
lifted to maximal cliques. To get the total number of computed clique inequalities, one has
to add the numbers given in columns two, three, and five. This shows that the total number
of inequalities is close to the sum of computed clique inequalities and rank inequalities. An
exception is the two graphs “C125.9” and “C250.9.” The number of computed rank inequalities
is quite high. One should remember that this separation is only called if the odd-cycle and clique
separation could not compute enough inequalities. Not only the quantity of the generated clique
and rank inequalities but also their quality is very high. Their impact in reducing the upper
bound is much more important than all other generated inequalities. The maximally violated
mod-{2, 3,5, 7} cuts separation is inefficient for the tested graphs. Only for random graphs with
density 0.2 have they been helpful. Interestingly, it can be observed that the maximally violated
mod-k cut separation finds violated cuts very late in the separation process. This means that if
the tailing off is reduced and the instances get hard, this separation will compute cuts. However,
these cuts are very weak as their effect on the LP solution is small. For the local cuts and the
large rank cuts we recognize something similar. Their contribution to the reduction of the gap
is very small compared to their running time.

5 Conclusions

A Branch & Cut solver for the maximum stable set problem was implemented and tested on the
DIMACS benchmark and random graphs. The key computational results are the following:

— The fraction of 3-cycles in the odd-hole separation is quite large, which supports the idea of
lifting. The lifting of 3-cycles is effective with regard to upper bounds. Moreover, it works
very fast.

— The improvement heuristic together with the rounding heuristic produced satisfactory lower
bounds.

— This research gives evidence that mod-k cuts are of very little use for the stable set problem.

— The local cuts help to reduce the upper bounds a bit but their separation is very time
consuming. Hence, we suggest to use this separation routine only in the root node of the
Branch & Bound tree.

— The edge-projection arguably provides good cuts and is an important part of the implemented
Branch & Cut algorithm.

Further Branch & Cut solvers could focus on a combination of clique separation and edge-
projection. Another result of this research is that the odd-cycle separation should be replaced by
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Table 3 Number of generated cutting-planes for the tested graphs

Instances # Inequalities
Name edge hole 3-cycle clique rank mod-k  local large

brock200-2 3043 0 567 22476 23753 0 45 40
brock200_4 66426 3450 10537 52037 57399 0 121 40
brock400-2 322701 12716 138114 437211 325870 0 177 46
brock400_4 428397 15019 181752 591953 399548 0 205 23
c_fat200-1 100 0 8 400 0 0 0 0
c_fat200-2 102 0 0 800 0 0 0 0
c_fat200-5 2327 0 3092 6572 4056 0 0 0
c_fat500-1 250 0 0 3607 423 0 0 0
c_fat500-2 250 0 3 3600 0 0 0
c_fat500-5 504 0 51 2700 0 0 0
c_fat500-10 998 0 0 1199 0 0 0
C125.9 271 641 3 254 219 0 17 16
C250.9 861 148832 172 1434 15041 0 143 34
hamming8-4 112 0 32 488 0 0 0 0
keller4 1674 147 745 4612 11775 0 2 0
san200-0.7_1 184 0 0 549 0 0 0 0
san200-0.7_2 1849 57 82 2537 163 0 0 0
san200-0.9-1 177 0 217 0 0 0 0
san200-0.9_-2 341 0 373 0 0 0 0
san200-0.9_3 922 100 250 0 0 0 0
san400-0.5_1 5399 4 112 61611 3699 0 0 0
san400-0.9_1 1120 0 0 1711 0 0 0 0
p-hat300-2 14093 1397 3308 34492 5761 0 109 60
p-hat300-3 351214 23087 5493 437683 31589 0 48 21
g100-10 239 241 1 87 30

g100-20 319 626 72 423 940

gl125_10 303 762 3 208 117 16 15
g125_20 533 3194 163 781 2509 50 24 16
g150-10 367 3380 8 365 340 0 17 16
g150-20 788 12285 285 1364 8608 150 88 19

an exact separation of the triangles only, which should then be lifted to maximal cliques. As the
number of the computed rank inequalities is very high, a promising idea could be to strengthen
these inequalities. Since the exact lifting method is practically inefficient, a clique covering should
be used to compute better coefficients. Another idea could be to generate some clique coverings
and store them. They could then be used to compute a covering for the induced subgraph of the
inequalities. This would lead to a (non exact) lifting in linear time. A third approach could be

to combine the edge-projection with the separation of general inequalities.
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