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Introduction

Imagine you wanted to go to a fair with many different events. Of coursaesaf them take
place at the same time and some are more interesting for you than others. cidlselgest
events according to the preference list is a maximum stable set problemndragea set of
objects (the events) is given with weights (the preference list) and corfbtigeen them (time
overlap). The task of finding a maximum number of objects with respect to éighting of

the objects such that no conflicts occur is the stable set problem. Accdaditgydefinition,

this problem has a huge variety of applications in various fields—we will coack o that

in Chapter 2. Therefore it is not surprising that the stable set problemexs.to the traveling
salesman problem, one of the most important combinatorial optimization problems.

At first glance there seems to be no better way to solve the maximum stablekksnpr
exactly than to use a brute force method. This means to enumerate all posildessts and to
select the best one. But as the number of solutions grows exponentialgysizehof the number
of objects and conflicts, this method is inefficient for large problem insg&andafortunately,
unlessP = NP, there is no polynomial time algorithm which solves the maximum stable
set problem. Therefore, also at second glance there is no essentialputadionally better
solution algorithm than the brute force method in the general case. Ndesghthere are a
lot of ideas which help to speed up the solver for many instances. The s&tljeoblem has
been widely studied with tens of thousands of publications, thousands ofnraptations of
exact solvers, and heuristic approaches. The development oflB&aeit solvers was driven
by MANNINO and SxssANO though their introduction of the edge projection. This work was
adapted to separation routines bg$siand SMRIGLIO in 2001. Their resulting Branch & Cut
algorithm still provides one of the best dual bounds and their handlingeddtanch & Bound
tree has no competition. Therefore it is used as a benchmark. Howessenply there was no
Branch & Cut algorithm using all the separation routines provided by ttaryhand this was
the motivation for this diploma thesis.

This work has the following structure. We start with the introduction of thechasfi-
nitions and results needed for the following chapters. Relevant aspegtapgh theory are
thoroughly reviewed as there is no uniform nomenclature in the literature.n€kt sections
give an overview of mathematical programming and the Branch & Cut soltahws based
on polyhedral theory. Chapter 2 introduces the stable set problemIfprana shows various
connections to other problems in the field of graph theory. That chaptéwssdby a list of
applications. We formulate the stable set problem as a mathematical optimizatiohimode
Chapter 3. In order to solve this model via a Branch & Cut algorithm we ghuelgtructure of
the underlying polytope. The theory will lead us to several classes ofiati#igs, for instance
the odd-cycle and clique inequalities. As a by-product we will see twasdasehich the stable
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Viii Introduction

set problem turns out to be polynomially solvable. The theoretical aspethe dranch &
Cut modules are presented in Chapter 4. We start with the discussionpobpessing for the
stable set problem using some basic observations and the theory prbyitiEiMHAUSER and
TROTTER We show that the generalization to some other inequalities is not possibléy ishic
a new result. Section 4.2 is a central part in this diploma thesis and presesrigl separation
routines. We begin with the separation of the odd-cycle inequalities and aemtith the clique
separation where the idea of lifting 3-cycles to maximal cliques is introducedt, the edge
projection based on the results ofAMNINO, SASSANO, ROSSIand SMRIGLIO is presented.
This theory is extended by polyhedral investigations. We consider soamepdss and provide
a sufficient condition when an inequality after the projection is facet-defifthe end of that
section an extension of the edge projection to general inequalities is pdovitle section about
the rank inequalities is followed by two types of general inequalities whichheaadopted to
any integer program formulation. We start with the local cuts which have imeduced for
the traveling salesman problem. In the next section, the inodts are adapted to the stable
set problem. The 4th chapter is closed with the review of the branchinggstriatethe stable
set problem introduced byA& As and Yu. Chapter 5 focuses on some implementation details
of a Branch & Cut algorithm. Some aspects of the theory of Chapter 4 arasdisd again
and modifications are presented. In particular, we discuss a new modificétioe odd-cycle
inequalities which leads to a separation routine for the odd-hole inequalitiedoiver bounds
in the Branch & Cut algorithm will be provided by two heuristics, which will becdissed in
Section 5.3. In particular, a new improvement heuristic is introduced. Thennepied Branch
& Cut algorithm is tested on some DIMACS benchmark graphs and unifongiora graphs.
The computational results are presented and discussed in Chapter Gl ¥ée\vthat the dual
bounds for the implemented algorithms are quite good. This diploma thesis is elitbea
summary and an outlook for further research activities in Chapter 7.

At the very end of this diploma thesis one can find lists of figures, algorithrb sgm-
bols. The bibliography is followed by an index which may help looking somethjmg All
implemented algorithms, together with their documentation, the test instances ntpatae
tional results, as well as th&TEX code of this document are contained on the CD which can be
found in the inside of the back cover.
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Chapter 1

Mathematical Preliminaries

This chapter introduces the terminology and basic results used in this diplogsis thé start
with a few notations. Sectiofi.1 gives an introduction into some definitions in the field of
graph theory. After that we get a rough idea about complexity of algorithBexction1.3
deals with the concepts of polyhedral theory. Afterwards, Sedtidintroduces the ideas of
linear programming with some important results about duality. The changecwatimuous to
integer domain leads us to integer programming. In order to solve such prekhle introduce
the Branch & Cut algorithm in Sectiah6.

For matrices we use capital letters. Vectors are presented by lower tass. I& vector
v is always considered as a column vector. TR unit vector is abbreviated withy and 1
is the vector consisting of ones. BY, Z andR we denote the positive natural, integer and
real numbers, respectively. If each of the sets have a supersetipe'mean the non negative
numbers, including zero. Withff" we shorten "if and only if". iff

1.1 Graphs

This chapter deals with several definitions and notations in the field of dhegaimy. Unfor-
tunately, there is no uniform terminology in graph theory. The following isam | ,

, ] , )

An undirected graph G is a pair(V, E) consisting of a nonempty, finite setand a finite
(possibly empty) set’ of unordered pairs of distinct elements Bf As we consider only

undirected graphs we call them jugtaphs. The elements oV are callechodesof the graph graph
G, the elements of areedges An edgee = {u, v} is usually written as.v, which is equal node

to vu. In our context the edge sét contains no multiple edges. Tleder of a graphG is the edge
cardinality of its node set/, which is the number of elements &t It is denoted byG|. The cardinality
complementG of a graphG is the graph with the same node setGasnd thecomplement complement
edge setFE, containing only the edges which are notfh Two graphsG = (V, E) and

H = (W, F) are calledsomorphic, denoted byG = H, if there is a bijectionp: V' — W such isomorphic

thatuv € F < ¢(u)o(v) € F. If a graphG has a weighting function: V' — R of its nodes,
we call G together withc a node-weighted graph In case of a weighting function: £ — R
of the edges o, we say thats together withe is anedge-weighted graphf it is clear from

1
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context which weighting is meant, we just call ineighted graphand abbreviate it as a triple
Ge. = (V,E,c).

A nodew is incident to an edge: if e = uv. The two nodes incident to an edge are its
endnodes Two nodesu, v of a graphG areadjacentor neighborsif uv is an edge ofs. For
anode set’ C V we define the set of neighbar§1V') as the set of all nodes i \ W which
are adjacent to at least one nodelin and call it theneighborhood For a single node we
write I'(v) instead ofl'({v}). Thedegreeof a nodev, denoted byj(v), in a graphG is the
number of edges incident withy or equivalently the number of adjacent node tevhich is
the cardinality of’(v). A node is calledsolatedif its degree is zero.

LetG = (V, E)andH = (W, F') be graphs. We call asubgraphof G and writeH C G,
whenW C V andF' C E is the set of edges of gragh with both endnodes if/. For a node
setW C V, the graphG — W denotes the graph obtained by removing all noddd’/adnd all
edges adjacent with at least one nod&lafIn the special case whé# contains only one node
v, we simply writeG — v. G[W] := (W, E(W)) denotes thénduced subgraphof G with
E(W) containing all edges of grapgh with both endnodes ifil’.

A graph is said to beompleteif it contains an edge to each pair of its nodes. A complete
graph withn nodes is denoted b¥,,. A clique is the node set of a complete subgraph. If
it hasn nodes, it is calledh-clique, whereas a 3-clique is calltiiangle. We call a graphG
bipartite if its node sel” can be partitioned into two disjoint séts, V5 with V' = VWV, such
that neither two nodes of skt nor two nodes of sét; are neighbors. The node séfg 5 are
calledbipartition of V.

Letu andv be two nodes of a grap. A u-v walk W of G from « to v is a finite alternating
sequencdV := (u = ug, e1,u1,e2,u2,...,up_1, €k, up = v) of nodes and edges, beginning
with nodew and ending with node, such thae; = w;_qu; fori = 1,2,... k. The numbelk
is called thdength of walk 1. A walk in which no edge is repeated is callettail , while a
path is a walk without node repetition. A walk, trail or pathdlsedif « is equal tov. Let W
be a walk, trail or path, then we denote ByWW) the set of nodes which are containediin
and byE (W) the set of edges for which both incident nodes are a member @ sét circuit
is a non-trivial closed trail. If all nodes of a circuit are distinct, then it ikecha cycle This
means that a cycle has no repetition of edges and nodes. A cycle is edenif its length is
even / odd. A cycle of length is ann-cycle An edge which joins two nodes of a cycle but is
not itself an edge of the cycle ischord of that cycle.

A nodeuw is said to beconnectedto a nodev in a graphG if there is a path fromu to
v in G. If each pair of nodes ofs is connected, thef is said to beconnected otherwise
G is disconnected The connected component®f a graphG are the connected non-empty
inclusion-maximal subgraphs 6f.

node-edge incidence matrix ~ We look at three different possibilities to store a graph. fibde-edge incidence matrix

adjacency matrix

adjacency list

is a|V| x |E| matrix. Each row represents a node, while each column is associated with an
edge. This matrix has value one in entry iff node is incident to edgé, otherwise zero. The
adjacency matrix is of dimension V| x |V'| and has entry one iff the two nodes are adjacent
and otherwise zero. A third method of storing a graph is viadjacency list In this case only

the adjacent nodes to each node are stored.

At the end of this section we quote two fundamental results which will be weiedehap-
ter 3. We begin with a characterization of bipartite graphs.
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Theorem 1.1.1(KONIG 1916) [ ] A graph G is bipatrtite iff it contains no circuit of odd
length.

Bipartite graphs have a very special structure. One is stated by theroprisition. But first
we need the following definition. A matrid is calledtotally unimodular if the determinant totally unimodular
of each square submatrix df has the value df, 1 or —1. Now we are ready to understand

Proposition 1.1.2.] } The node-edge incidence matrix of a gragtis totally unimod-
ular, iff G is bipartite.

1.2 Complexity

We briefly review the most basic notations of complex theory, inspired byuheraries of
[ ) ]. For a thorough description we refer t6 [ 79 ].

By O(g(n)) we denote an asymptotic upper bound for the running fimg of an algorithm
if there is a numbeny € N such that for alhh > ng exists a constant > 0 with the property

0< f(n) < c-gln).

We distinguish between a decision problem, which requires a "yes" ordmaVer, and an
optimization problem, in which one has to optimize a certain objective function.oBlgm is
calledpolynomially solvable if there is a deterministic algorithm which solves the problem in polynomial
polynomial time. This is an algorithm whose running time in terms of number of elenyenta
steps is bounded by a fixed polynomial in the input size. The class contahengolyno-

mially solvable decision problems is denoted By If each positive / negative answer of a P
decision problem can be checked in polynomial time, the decision problem is atetss\ P / NP
co- N"P. An optimization problem is called/P- hard if every decision problem inP can co- NP
be polynomially reduced to it. This means that from the optimum of an optimizatidsigmo N'P-hard

an answer for the decision problem can be computed in polynomial time.

1.3 Polyhedra

Before we start with linear optimization, we want to get familiar with some conaspisly-

hedral theory. The following definitions can be found @1.[588 3 B
A linear combination of vectorsey, . . ., z,, € R%is a vector of the form\;z1 +. . .+ Anzp linear combination
with real scalars\i, ..., \,,. If a linear combination\;z; + ... + A\, satisfiesy " | \; =1,

then it is calledaffine combination. A convex combinationof points fromR? is an affine affine combination
combination with non-negative coefficients, ..., A\,,. These combinations are callptbper  convex combination
if neitherA = 0nor\ =¢; forallj € {1,2,...,k} with A = (A,..., \,) T proper

A subsetl C R? is calledlinearly or affinely independentif none of its members is a linearly independent
proper linear or affine combination of the remaining elements. oFor any setf C R the affinely independent
affine rank of I, denoted by aran{), is the cardinality of the largest affinely independent affine rank
subset ofl. For any subsei C R9 the dimension of I, denoted by dirf/), is the cardinality dimension
of a largest affinely independent subsef afiinus one, dini/) = arank7) — 1. A setl C R?
with dim(7) = d is calledfull-dimensional. full-dimensional
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The affine hull of a set of pointscy, ..., z, € R?is the set of its affine combinations. It
is denoted by affry, ..., x,). Accordingly, the set of convex combinations of some points is
calledconvex hull and is written as corfey, ..., x,). A polyhedron is the intersection of a
finite number of half-spaces. If a polyhedron is bounded, we calbliytope. An important
equivalence is that each polytope is the convex hull of a finite set of pbimts R?. For
instance, a bounded solution et € RY| Az < b} of a system of linear inequalities is a
polytope. The dimension of a polytope is the dimension of its affine hull.

A linear inequality3" = < by is denoted by(3,b). In cases is (0, 1)-valued, we write
z(W)as)_, cy z; foraseth C V. Alinear inequality3 " = < by is calledvalid with respect
to a polyhedronP if P is a subset ofz |37z < by}. A setF C P is called aface of P if
there is a valid inequalitys, by) for P such thatF" = {x € P |32 = by}. If vis a pointin a
polyhedronP such thaf{v} is a face ofP, thenw is called avertex of P. A facetis a nonempty
face of P with dimension dingP) — 1 and its inequality is callefacet-defining inequality

facet-defining inequality for P, et z* be a vector satisfying3, by). In this case thelack of (3, b) is defined as the

slack

difference between, andg " z*.

L2 1.3.4

Figure 1.3.1: Polytope

After all these definitions, let us look at an example. First consider theafiitpsystem of
linear inequalities

—Tx1— 8xg < =25, (2.3.2)
~36x1 + dws < 27, (1.3.2)
—2x1+ 9z9 < 45, (2.3.3)
6x1+ Sxa < 61, (1.3.4)
221 < 11, (1.3.5)
61 — 10y < 13. (1.3.6)

The polytopeP described by this inequalities B = {z € R? |z satisfie1.3.1) to (1.3.6)}.
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In Fig. 1.3.10ne can see polytopE and the six inequalities bounding it. The intersections of
the lines are the vertices &f which are labeled withB; to Bg.

We want to close this section with a fundamental result about the verticesspéaal
polyhedron.

Theorem 1.3.1.[ J Let A be a totally unimodularn x n matrix and leth € Z™. Then the
vertices of the polyhedroR := {z | Az < b} are integer.

Theoreml.3.1lincludes as an important assumption that mattixs totally unimodular.
This is a quite strict requirement. The entriesfofan only have the values of 0, 1 and -1 which
is only a necessary condition. The result of Theotefilhas an interesting consequence as
we will see in Sectior.6.

1.4 Linear Programming and Duality

In the last section we got familiar with polytopes and linear inequalities. Now et o
optimize over polytopes resulting from linear inequalities. In the following, Wegive some
definitions and concepts on linear optimization. The theory has been wideligdtand we
can only give a very short introduction into the key ideas. The followingaseld on K ,

].
Linear Programming
Given anm x n matrix A, a vectorh € R™, and a vector € R". The task of dinear program

(LP) is to find a vector of a seP = {z € R"|Az < b} which maximizes the linear function linear program
¢’z over P. We will write it in the following short form

max c¢'x
st. Az <b (1.4.1)
r e R™

A feasible solutionof the linear function above is a vector which satisfies the inequality systeneasible solution
Az < b. A feasible solutionz which satisfies:'z > ¢z forall z € P is calledoptimal

solution. This is not uniquely determined in general and the set of all optimal solutiefirse optimal solution
a face of P. The linear function:" z is calledobjective function. In formulation (L.4.1), the  objective function
number of variables is while the size of vectob gives the number of inequalities. We call

system 1.4.]) thestandard form. In literature, there are also other definitions for the standard standard form

form. Indeed, every linear program can be transformed into the almome fMinimization,

equalities and bounds on the variables can be expressed with the aktem synd we call it

therefore still an LP. For details of these transformations see for insfancé(].

Consider again Fidl.3.10f the last section. We have already studied the polytope with its
defining inequalities(.3.7) to (1.3.6. To obtain a linear program we add the objective func-
tion f(z1,22) := —x1 + 229 to the constraints. This results in the following linear program
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max —r1+ 29
st. —Txy— 8xyg < =25
—36x; + 4zo < 27
—2r1+ 979 < 45 (1.4.2)

6x1 + 8z < 61
211 < 11
6x1 — 10zy < 13

z € R2.

The level curve off (z1, z9) for the value—3.9 can be seen in Fidl.4.1as the dashed black
line. The black arrow targets in the direction of the gradienf @f;, x2) and therefore in the
direction where the objective function value increases the most. Thusteimdbe optimal so-
lution, we move the level curves ¢fx, x2) parallel in this direction. If any further movement
of f(x1,x2) only leads into infeasible solutions, an optimal solution has been found. rin ou
case the optimal solution is verté¥s = (2.25,5.5) of the polytopeP. The gray dashed line is
the level curve of the optimal objective function which has vaue.

Figure 1.4.1: Linear program
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Duality
To every linear program of the standard form we definditsl (D), which reads: dual
min y'b
st. Aly=c (1.4.3)
y > 0.

The coefficients of the objective function of LR.4.1) have been exchanged by the right-
hand side of its dual. The constraint matrix is transposed and inequalitiesbkan changed
to equalities. The variable vectgrhas to be non-negative and the number of inequalities of
the original LP is its dimension. The original linear program is sometimes alsal gail@al primal
program. We consider now two famous theorems which connect the primaitsvithal. Both
proofs can be found in{ch0().

Theorem 1.4.1(Duality Theorem). [ ] Let (P) be a linear program of forni1.4.7) and

(D) be its dual(1.4.3. If (P) and (D) both have feasible solutions, then both problems have
optimal solutions and the optimum values of the objective functions are equal.

If one of the programs (P) or (D) has no feasible solution, the other is rithbounded or
has no feasible solution. If one of the programs (P) or (D) is unbourided the other has no
feasible solution.

Theorem 1.4.2(Complementary Slackness Theorem | ] Supposeu is a feasible so-
lution for the primal linear programming problem (P) ands a feasible solution for its dual
(D). A necessary and sufficient condition foand v to be optimal for (P) and (D), respectively,
is that for all 4

v; >0 implies A;u = b;,
or equivalentlyd;u < b implies v; = 0.

Solution methods for linear programs

We solved the linear prograni.@.? in the way that we moved the level curve of the target
function until we reached an extreme point. This was a two-dimensional dégamg its ge-
ometrical illustration. However, this leads to just a weak algorithm for higher mbioas. If

we instead consider again Fi.4.1 we recognize that the optimal solution lies in a vertex of
the polytopeP. In fact, this is generally true which means that we can always find an optimal
solution of an LP in a vertex of the polytope, c&dh0q.

One of the best known algorithms for solving LPs is si@plex algorithm developed by  simplex algorithm
GEORGEB. DANZzIG in 1947. The simplex algorithm consists of two main steps. In the first
step it computes an initial feasible vertex solution as a starting point. The dstem com-
putes from the starting point an optimal solution by moving from one vertexeoptityhedron
to another vertex which has a better objective function value. We wantgiecigechnical
details and especially the degenerated case. Since the number of verticpsighedron is
finite, the simplex algorithm terminates after a finite number of iterations. Unfately) the
number of vertices of a polyhedron can be very large and in worsttbaseinning time may
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grow exponentially. Nevertheless on many real-world problems the simplesitaly performs
bettet than polynomial time algorithms such as &ilépsoid method applied for solving LPs
by KHACHIYAN in 1979, see for exampl&Eh0Q ], or asinterior-point methods forced
by KARMARKAR in 1984, seel{ ]. Since there are polynomial time algorithms for linear
programs, LP-feasibility is in the clags

1.5 Integer Programming

In the following we consider a slight change of the domain of a linear progvainh has
enormous consequences for the running time of a solution algorithm. Thigrsexbased on

[ 1

Let x be the variable of an LP of typd @.]). If we change the domain of variahleto be
integer, we get aimteger program (IP) of the form

max c'z
st. Az <b (1.5.1)
reZ™

The variables are no longer continuous. Instead their domain is integais@eonsider the
special case af being a proper subset @". In the following chapters, we confine ourselves
to the case that the entriesohave only the value8 and1. This change of the domain has a
great impact as we will see in this and the next section.

We again consider the linear prograin4.2. Now we require that the solutianis integer.
The blue dots in Figl.5.1show the feasible solutions after adding the integrality constraint.
It is obvious that the number of feasible solutions is no longer infinite. Weralsmgnize the
change of the optimal solution and the decrease of its objective functioe.valu

Clearly, all feasible solutions of a linear program are within a polyhedtoithis implies
that the number of solutions is infinite as the variables are continuous. litesrgmarkable
that the change to integer solutions makes the problem much harder to setvéheugh the
number of solutions is finite if the polyhedron is bounded. In fact, to determsw@ution for
general IPs isV'P- hard. An intuitive idea for solving IPs leads &xplicit enumeration. This
method computes all possible solutions. When a solution is feasible, the objaatistion
value is stored and once we have all of them, we can pick out the best soltitievever, this
approach cannot be used in practice since the number of combinatioms gxponentially.
In the case ofr binary variables, we hav&™ possible combinations. A2* = 10M" with
M =1In(2)/In(10) ~ 0.301, 2°° is already a number with 16 digits. The best idea to solve such
a problem is to use a Branch & Cut algorithm. In the following chapter we wilereacloser
look at this solution technique.

lsee | ]
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T2

Figure 1.5.1: Integer program

1.6 Branch & Cut

In the last two sections we saw that there are polynomial time algorithms for jomnegrams.
As mentioned above, the change from linear to integer constraints makesotiienp much
harder. But what is the reason? The reason why we can solve LPdyimopadal time even
though they have an infinite number of solutions, is the concept that we aag/th consider
the vertices of its polytope. If we want to adopt this idea to integer programsave to find
the convex hull of all feasible solutions of the IP, whichAs := con{z € Z" | Az < b}. If
we can describe this polytope with a polynomially sized list of inequalities, wecoarpute
the optimum in polynomial time. Recalling Theoren8.1, we see that for totally unimodular
constraint matricegl the polytopeP is equal to the convex hull of all integer solutions. There-
fore, the optimum lies in an integer vertex of the polytope and can be fourayngmial time.
Unfortunately, in general the number of facets of a polytépéncreases exponentially. If we
consider Figl.6.1, we recognize the polytopg;p and the optimal solutior; . But in order
to compute the optimal solution, it is not necessary to know all facets. Indteativo dashed
dark-green ones are enough. To compute only such necessasyifasee principle idea of the
Branch & Cut algorithm. The use of that method was first published R GCHEL JUNGER
and REINELT [ }in 1984. Its name was introduced by BBERG and RNALDI [ ].
This section is inspired by[hr97, ] and mainly based ort] ].

In order to solve the systerit.6.1), we omit the condition that has to be integer and obtain
a so-called_P-relaxation or more precisely an LP-domain-relaxation. Its solutigy) , may LP-relaxation
be fractional, but it provides an upper bound (UP) of 1/5(J). By adding special inequalities
to the systemdx < b, the LP-relaxation polytope gets more and more closita "Special”
means that, ift* is a vector satisfyinglz* < b, we want a valid inequalitys, by ), a so-called
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1 2 3 4 5 6 7 g8 1

Figure 1.6.1: Branch & Cut

cutting-plane, separating:* from P;p. The task to decide if such an inequality exists and to
compute one if possible, is called theparation problem For instance, in Figl.6.linequality

is a cutting plane for}; ,. An important theorem in this context is that, under some techni-
cal conditions, the optimization problem can be solved in polynomial time, iff tharagion
problem is polynomial ]. In order to solve an IP, one could generate such cutting-planes
until the optimal solution is found. In practice, however, it turned out thedrabination of
cutting-planes with th&ranch & Boundtechnique is more successful. Its conjunction is called
Branch & Cut .

The core of a Branch & Cut algorithm is displayed in Fify.6.2 After the initialization and
preprocessing this algorithm uses a tree to maintain the subproblems. I$ biegiiounding
processwith its root. After solving the LP-relaxation, it is checked whether the solutidP
feasible. In the case of feasibility thecal upper bound (LUB) is updated. If the LUB is
smaller than théower bound (LB), which is at the beginning minus infinity, the subproblem is
fathomed. Otherwise, the algorithm checks if the solution is integer feasible. Cleaitysi&n
integer solution, the best solution for this subproblem has been computedisumdde of the
tree can be fathomed. Mostly, this is not the case and heuristics are usenpate feasible
solutions, which provide the lower bounds. This is done in step "expafid Tl separation
routine computes cutting-planes which are added to the LP-relaxation. lbvament of the
LP solution after adding new constraints is too smdhiting off —or the separation routine
could not compute a new constraints, the algoritwanchesin new subproblems, e.g. by
setting a variable. If the selection of a subproblem of the tree is suctesbkiah means that

2This figure is based offie0] and | 1
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the tree is not empty and that the UB is greater than the LB, the algorithm reé&mdyounding
phase. If the selected subproblem does not bring new information, thenfieit and select a
new one. This process terminates when the tree is empty.

While the LP-relaxation of{.5.1) provides aylobal upper bound (GUB), each subproblem
computes a local upper bound which is only valid for all its sons in the treesotme cases
the problems are too difficult to solve them exactly and therefore it is a gaadtalstop the
algorithm after a certain number of iterations. The advantage of a Brarcht&lgorithm is
that this algorithm provides next to a solution also a quality of it. This quality is ored<sy
thegap, which is calculated by

GUB - LB
GUB

It turns out that it is not helpful to add more and more inequalities to the l&&aton.
The inequality systeriz < b may grow too big, which slows down the computation time.
Therefore after each separation phase, some inequalities are elimindtetbeed in a pool.
This pool can also be checked once in a while, if it contains a violated eamistvhich is then
added again. This process is calfgmbl separation



Chapter 2

Stable Set

In this chapter we will give an introduction to the basic problem of the diplomsighé\fter

some definitions and a small example, we consider relationships to othermeotal give an
overview of the wide field of applications for the stable set problem. Thiptehas mainly
based on( ] ) , , ).

2.1 Definition and Introduction

We start with the definition of a stable set.

A stable setof a graphG is a set of node§ with the property that the nodes 6fare stable set
pairwise non adjacent.

A stable set is also known a@sdependent setvertex packing co-cliqueor anticlique We

abbreviate a stable set with Let G, be a node-weighted graph. A stable set®Qf which

maximizes) s c(v), is called amaximum stable sef or amaximum-weight stable sahd  maximum stable set
is denoted by the symbd*. A maximum stable set is calletiaximum-cardinality stable

setor maximum-size stable sit the special case when the weighting function is equdl.to

The weight of a maximum stable set is denotedal§s.) and in the case of = 1, it is the

cardinality of a maximum stable set of the corresponding unweighted gtaphis case we

neglectc and write more simplyy(G). The size of a maximum-cardinality stable set is called

the stability number or the stable set numberWe distinguish strictly between a maximum stability number
stable set and maximal stable setwhich is an inclusion-maximal stable set. This means thaiaximal stable set
there is no stable set which contains the maximal stable set and has a hidgter we

Let us come back to the example of the introduction. Hence, the task is to fihgsheet
of events to attend in a fair with respect to a priority list. We model this as a maximeightv
stable set problem on a gragh.. Each event will be represented as a nodé&ofWhenever
there is a conflict between two events, an edge between their corrésgoodes is added. The
priority of the events is transformed into a node weighting he task of finding a best set of
events to join is then the problem of finding a maximum stable sét.inThis construction of
G is a general concept. Such a graph is calledmilict graph. We will come back to conflict conflict graph

13
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graphs in Section 2.3. Let us now look at F2gl.1which shows us a more theoretical example.
This weighted graph has eight nodes, . . ., vg, and their corresponding weights, which are
written as a tuple for each node. The $ef, vg}, for instance, is a stable set Gf The red
colored nodes»,v4 andv; build a maximum stable se&*. The weight ofS* is 6 which is
a(Ge). It can be seen from this graph that a maximum stable set is not uniquelyniietd.
Set{v,v4,vg} IS also a maximum stable set with weightThe yellow nodes; andvs build

a maximal stable set @k with weight5, becausé&'({vs, vs}) U {vs,v5} = V.

I O Node of a maximal stable set }
1

‘ Node of a maximum stable set]

. | :

(v3,1) Name of a node and its Weight:

Figure 2.1.1: Weighted graph with legend

2.2 Relationships to Other Problems

Before we have a look at the numerous applications of the stable setmrolbtesummarize
some relationships of the stable set problem to other graph theoreticé#mob

clique number Let G. = (V, E, ¢) be a connected node-weighted graph. €hgue number is the maxi-
mum weight of a clique irz and is denoted by (G.). Note that a clique itz corresponds to
a stable set irt with the same weight and vise versa. Hence there is a bijection between the
stable sets it and the cliques i+, which gives

a(Ge) = w(Gy). (2.2.1)

This shows that the maximum stable set problem and the problem of determiniagimum
node partitioning  clique are equivalent. Aode partitioning is a subsetV C V such that every edge has exactly
one endnode if. A node partitioning does not exist for all graphs, for instance nakfpwith
weighted node partitioningrn, > 2 and not for graphs induced by odd cycles. Weaghted node partitioningproblem asks
for a minimum node partitioning with respect to a node weighting/e show that the weighted
node partitioning problem is equivalent to the weighted stable set problenodepartitioning
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exists. Clearly, a minimum node partitioning of the weightsis a maximum-weight stable set
On the other hand, a maximum stable set with- §(z;)6 as the components of the weighting
function corresponds to a minimum node partitioning. One has to chbes#iciently large
enough, for instancé = > , |¢;|. With this choice, all edges @k are covered by a stable set.
Since exactlyn edges are covered, the weight of a minimum node partitioning@s.) — 6 - m.

In the following we consider some cardinality problems on a gi@pk (V, E). An edge
covering is a subsef’ C E such that every node is incident to at least one edgg.ifmhe edge covering
minimum cardinality of an edge covering is tleelge covering numberand is denoted by edge covering number
p(G). A stable set cannot have more nodes than an edge covering hasredggaph without
isolated nodes. This is stated by the following inequality

a(G) < p(G).

The triangleK3 provides one example where this inequality is tight. The stability number and

the edge covering number are equa;ifs bipartite and has no isolated nodes. This was proven

by KONIG in 1916. Anode covering in contrast to an edge covering, is a sud$et_ V' such node covering
that every edge has at least one endnod& inThe minimum cardinality of a node covering is

called thenode covering numberand is denoted by(G). If S is a stable set o6, S = V' \' S  node covering number
is a node covering ofi, since every edge has two endnodes of which oneds i@therwise, if

S is a node covering$ defines a stable set, because no two nodeésazn be adjacent. Thus,

finding a maximum cardinality stable set is equivalent to finding a minimum noderiogv

This shows

a(G)+7(Q) = [V]

which was primary proven by & LAl in 1959. Amatching is a collection of pairwise disjoint matching
edges. If in a matchind/ every node ofG is incident with exactly one edge i/, then it

is aperfect matching. The maximum cardinality of a matching @ is called thematching perfect matching
number and is denoted by(G). For a graphG without isolated nodes, @ LAI showed in  matching number
1959 the following connection between matchings and edge coverings

v(G)+p(G) = [V].
A coloring of G is a partition ofV into disjoint stable sets, while @ique coveringis a coloring
partition into disjoint cliques. Theoloring number, which is denoted by (G), is the smallest  clique covering

number of stable sets needed for a coloringzofAnalogously, the smallest number of cliques coloring number
for a clique covering of; is calledclique covering numberand is abbreviated wit(G). clique covering number

Consider the following inequalities

x(G) = x(G), (2.2.2)
w(G) < x(G), (2.2.3)
a(G) < x(G (2.2.4)

Since the number of stable sets needed to cover a graph is equal to ther memtbed to
cover the complement with cliques, inequali®.Z.? is true. To partition the node set of a
graphG into disjoint stable sets, one needs at least the number of a maximum cliGud s
is stated by inequality.2.3. In a 5-cycle a maximum clique has size two, but the coloring
number is three. This shows that the coloring number and the clique nunebeotan general
equal. InequalityZ.2.4) is the consequence a2.@.1), (2.2.9, (2.2.3 and the observation that
the complement ofs is againG.
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2.3 Applications

In the last section we have seen various connections of the stable Bletrptto other problems
in graph theory. Now we want to consider some more applications of the sbfgoblem
beyond the motivating example.

In coding theory one can ask to construct(a, M, d) code. This is a set oM binary
vectors of lengthn such that any two vectors differ in at leagplaces, andi is the largest
number with this property. Whemandd are given, the aim is to compute a maximum number
of codewords. Geometrically, a codeword can be identified as a binatgrweith lengthn
representing a vertex of a unit cuberindimensions. In this interpretation,(a, M, d) code
is just a subset of these vertices. It can be shown that the minimum distameguivalent to
the property that two codewords have a Euclidean distance greaterrtegnal tov/d. With
this information we construct a gragh as follows. The nodes are the codewords and two
nodes are adjacent iff their Euclidean distance is smaller {hanThe problem of finding a
maximum number of codewords and computing them is then just a maximum-cardatatite
set problem on grap@, cf. [ ].

One recognizes the similarity of the construction of gré&pm the application in coding
theory and the modeling of the motivating example. Again, gr@ph a conflict graph. This
concept is quite strong and has many applications besides the providaglegaFor instance
in...

. case-based reasoning systefp®[],
. combinatorial auctions| i

. computer vision§B872],

. economics4B62],

. fault diagnosisfP9(,

. forest planningff 1,

. geometric tilding ©59(,

. graph coloring {1 T96],

. integer programming| ],

. map labeling § , 1

. molecular biology § ; Y : ! 1
. pattern recognition{S89,

. scheduling | / 1,

. stock cutting Pie7q.



Chapter 3

Stable Set Polytope

In this chapter we look at some polyhedral aspects of the maximum stableobétm. We
start with the definition of the stable set polytope and develop an integergondgrmulation
for the stable set problem. It turns out that the stable set probleYfiishard and we have
to consider a relaxation. We will see that this first relaxation is very wealeimel and the
underlying polytope describes the stable set polytope only for bipartifghgralo strengthen
this relaxation for general graphs, several classes of inequalitiesfeatlik stable set problem
are considered. We begin with the so-called odd-cycle inequalities in S&#@md discuss
the lifting procedure. A very important inequality class for the stable settgotyare the
cligue inequalities, which are presented in Sect®o® We review a theorem of ADBERG
which implies that they are facet-defining if and only if the correspondingielig maximal.
The clique inequality will lead us to perfect graphs for which the stablersdigm is proven
to be polynomially solvable. An overview of some more inequalities valid for thelestset
polytope is given in SectioB.4. A large class of inequalities containing the odd-cycle and clique
inequalities is considered next to a facet-producing graph. This grdpbeaused in Chapter
4.2.3 Besides where otherwise noted, the following is mainly base@&as B8 , ]
Throughout this chapter we assume that all graphs are connected.

3.1 Introduction

To understand the definition of the stable set polytope, we first have twedeiincidence vec-
tor ¥ of a stable sef of graphG as a|G|-dimensional vector with the following components  incidence vector

Xi =00, otherwise

Now, we are ready for the following definition.

Definition 3.1.1. [ ]} The stable set polytope of a graphG = (V, E) is the convex hull of  stable set polytope
the incidence vectors of all stable setddnlt is denoted by

Psrap(G) := conv{x® | S C V stable set .

17
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Ifis is clear from the context which graph is meant, we sometimes just Weite g instead
of Psr45(G). The stable set polytope is bounded by thdimensional unit cube and therefore
it is a polytope. The definition of a stable set implies that the unit vectors\aegalstable sets.
The zero vector is trivially a stable set—the empty set—and therefore, tHe stttpolytope
is full-dimensional. This implies that all facets 85745 are inequalities and hence we do not
have to consider equalities.

A maximum stable set corresponds to a vertexef 45 and the incidence vector® to a
binary variablez. Since the stability number is equal bz, it is a candidate for the objective
function of an IP formulation. To complete the IP formulation, we need inequalitigich
define Psr45. Consider the following inequality system

z; >0 VieV, (3.1.2)
i +x; <1 Vij € E. (3.1.2)

The definition of an incidence vector of a stable set implies the so-catiaehegativity in-
equalities (3.1.1). They are always facet-defining féts; 45, since there are — 1 affinely
independent solutions which have value zero in one entry. The inequélitied ensure that
there cannot be a pair of adjacent nodes in one stable set which is aadinsequence of its
definition. This type of constrains is calledlge inequality Hence, inequalities3(1.1) and
(3.1.2 are both valid for the stable set polytope. Inequaliti@d.Q) are not generally facet-
defining. We get a criterion for that in Secti@3. Recognize that all integer solutions of the
inequality system3.1.1) and @.1.2 are incidence vectors of a stable setofThis is only true

if graph G contains no isolated nodes which is satisfied as we assume a connected-yrap
ever, if the graph is disconnected, each variable corresponding tatesoode is unbounded.
To avoid this, one can limit it with value 1. Therefore we consider in this diploraaishonly
graphs without isolated nodes. Inequaliti8sl(d together with the non-negativity inequali-
ties are calledrivial inequalities. The last observations lead us to a linear integer program
formulation for the maximum stable set problem

IZP: max c¢'z
st. Az <1 (3.1.3)
z e {0, 1}V, (3.1.4)

In this integer program, vectar corresponds to an incidence vector of a stable set and matrix
AT is the node-edge incidence matrix@f Inequalities 8.1.3 are equivalent to3.1.2.

It is well known that it iSN'P- hard to determine a maximum stable set in an arbitrary
graph. For a proof see for instance @Y and HHNSON| ]. This is still true in the special
case when the weighting function is equaltd~urthermore, it can be shown that for fixec- 0
there is no polynomial time algorithm for approximating the stability number withintafad
|[V|¢ under the assumption th@ # NP, cf. [ i ]. Hence, it is alsoV'P- hard
to find a solution ofZP. Nevertheless, we will use the Branch & Cut algorithm to solve this
problem and therefore we will formulate a linear program and see howitnadiscribes the
stable set polytope. The reason whf is so challenging to solve, are the harmless looking
inequalities 8.1.4. Therefore, a natural way how to create a polynomially solvable protdem
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to substitute the inequalitie8.(L.4 by (3.1.1), which results in the LP-relaxation

LP: max c¢'z
st. Ax <1 (3.1.5)
x> 0. (3.1.6)

Its polytope is described by
Prsrap(G) = {Jr eRVIAz < 1,2 > 0}

and calledstable set polytope relaxation In order to get a feeling for the quality @1z 7B stable set polytope relaxation
compared toPsr 45, we solveLP for the graph given in Fig2.1.1 for example with the

simplex method. We get the solution vectdr= (0, 1,0, 3, 3, 3, 3, 5) with objective function

value8.5. Clearly, this vector is not an incidence vector of a stable set. As we lemrein

Chapter2.1, a maximum stable set for that graph has weight 6. Thus the absoluteeddter

of the two objective function values 5. The percentage difference gets even larger if we

solve the maximume-cardinality stable set problem only for the triangle built bgswgdvs and

v7. In this case, th&€P solution has valué.5 while a maximum stable set has cardinality

which is a difference 050%. In general, the objective value gfP for an arbitrary graph with

weighting 1 is greater or equal thah—independent from its structure. This shows that the

stable set polytope relaxation is very week in general. Obviously, wetbguat in some effort

if we want to solve the maximum stable set problem for this and other grapased@gnize

from our example that the solution (8, %, 1)-valued. This is not a coincidence, indeed there
is a structure behind it. Consider the following corollary, which was indichie®ALINSKI

[Bal7q.

Corollary 3.1.2. The vertices 0Prsrap(G) are (0, %, 1)-valued.

Proof. Based onlf ]. Let z be a vertex ofPrs745(G) and define the two sets

U1 = {UZ“O<ZL'Z'<%,1§Z'STL},
U, = {Ui‘%<l‘i<1,1§i§n}.

We have to show that they are both empty. Therefore we define the follawngectors

XT; — €&, if v, e U_1
Y = x;+e, Ifv, el
i, otherwise,
r;+e, Ifv,elU_
z; = xi—e, ifv, el
xi, otherwise

for all i with 1 < i < mn and are > 0. From the construction aof andz follows thatz = %
Now assume that at least one of the two $éts or U; is not empty. One possible choice tor

such thaty andz are inPrsrap(G) is

€= min{% -zl —xj|v; e U_y,vj € U1} > 0.
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From the construction of, the vectorgy and z are non-negative in each component. Hence,
they satisfy the non-negativity inequaliti€s 1.1). For each edge;v;, the following holds for
the components of vectgr

x; +xjy— 2, ifuv,v; €Uy
T; + x5, if (’UiEUfl/\UjEUl)\/(’UjEUfl/\UiEUl)
Yi +y; = V(vi,v; ¢ U1 UUY)
T+ x5 — €, if (viEU_l/\vj ¢U_1UU1)\/(U]' EU_l/\UiQfU_lUUl)
\Zi T €, if (’U,‘EUl/\’Uj¢U_1UU1)\/(Uj €U1/\Ui¢U_1UU1)

becauser is a vertex ofPs7 4, the case; andv; € U; cannot occur ang; + y; < 1. With
the same argument, vectosatisfies the edge inequalities. As the three vectpgsand z are
pairwise different, the convex combination.oby y andz is contradictory to the assumption
thatz is a vertex. This implies thdf_, = U; = (), which closes the proof. O

To motivate the next theorem, we look again at the graph ofZigl, but in this case we
delete the three edgesvs, vsvr andwvgug and denote the graph k@ Solving LP for that
graph leads to the following interesting result! = (0,1,0,0,1,0,1,0). In this case it is a
(0, 1)-valued solution which indicates the stable Set {v2, v5, v7}. Again, this has a special
reason. The new grarﬂﬁ is bipartite. In Fig.3.1.10one can see the bipartitidq andV; of G.

Vi Va
(v1,1) (v2,2)
(v3, 1) (vg,1)
(vs,4) (vs, 2)
(v7,3) (vs,3)

Figure 3.1.1: Bipartite graph

The following theorem summarizes this observation.

Theorem 3.1.3. 1 The non-negativity inequalitie€3.1.1) together with the edge in-
equalities(3.1.2 are sufficient to describ&sr45(G) iff G is bipartite and has no isolated
nodes.

Proof. 7 = ” Let G be non bipartite. Then we know thét contains at least one odd cycle
C, cf. Theoreml.1.1 Consider vertex\ := (0,...,0,%,...,1,0,...,0) where the zero
values stand in all vertices not according to cy€le Obviously, according to its definition
N satisfies all inequalities3(1.1) and @3.1.2. Next, we show thaiV lies not in Pspap(G).
First, recognize that each integer vertex of the stable set polytope hamahaxX' | times a
1-entry in a vertex of”. Since the vertices dPs45(G) are(0, 1)-valued, you have only two

vertices fromPsr45(G) to combine vertexV convex. Two arbitrary vertices dPsrap(G)
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have in the nodes af' only 2 - S| =2 |C|2‘1 = |C| — 1 times entry 1, which implies that
N ¢ Psrap(G).
7 <=7 The set of all solutions of the inequality syster3isl(1) and @.1.2 is given through

L={z|z>02"M<1"}.

In this caseM is the node-edge incidence matrix with dimensjbh x |E|. If we can show
that L. = Psr4p(G) we are done. It has already been mentioned that each stableSas of
described by the non-negativity and edge constraints. TherBfares (G) is a subset of. (G).

On the other hand, every vertex bfis integer, since matri®/ is totally unimodular, compare
Propositionl.1.2 and setl is bounded, because gra@rhas no isolated nodes. Now we know
that all vertices of the polytope df are integer. Since they are also the vertices of the stable set
polytope, the proof is closed. O

Theorem3.1.3has the following important implication. It states that the maximum stable
set problem for bipartite graphs can be solved in polynomial time, by so¥fagAs a conse-
guence, a Branch & Cut algorithm usidigP as the first relaxation, will terminate for bipartite
graphs after one iteration. Therefore, there is no need in a Brancht &&unework to check
whether the graph is bipartite or not in order to get a fast solver. Nalegs, it can be checked
in linear time if a graph is bipartite or not. With the use of some graph theory, tlyago
mial time algorithm designed by é#PcroFTand KaRP in 1973 can be adapted to solve the
maximum stable set problem for bipartite graphs, ¢f.$389.

3.2 0Odd-Cycle Inequalities

In the last section we have seen tRats45(G) andPsr45(G) are only equal ifs is bipartite.
We also considered examptel.1where the inequalities3(1.1) and @.1.2 are not sufficient
to describe the stable set polytope. One of the simplest not bipartite gnaptiseadd cycles.
A 3-cycle and a 5-cycle can be seen in BR.1 These graphs are induced subgraphé&:of
of Fig. 2.1.1 We have already used the observation in the proof of The@émthat point
N = (3,...,3) liesin Prgrap but notinPsr 4 5; in particular,N is a vertex ofPgsrap. The
values in the nodes of the two odd cycles are optimal values of the corgisgorariables in
the LP-model.

U1

(%1 (4]
6'6 v2 e 6 Us
(%] (%

(a) 3-cycle (b) 5-cycle

U5

Figure 3.2.1: Two odd cycles
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This suggests a new class of inequalities a4 5(G), which are callecbdd-cycle in-
equalities
—1 i
Y o< MCQ)’ for each odd cycl€ in G. (3.2.1)
v;eV(C)

It is obvious that the odd-cycle inequalities are valid for the stable set paysince the car-
dinality of a stable set in an odd cycle can be maximal the greatest integer ishsamaller
than half length of the cycle. The polytope satisfying the non-negativitye @shd odd-cycle

cycle-constraint stable setinequalities is calledycle-constraint stable set polytop®f G and is denoted by

polytope

t-perfect

Postap(Q) := {z € RV!| 2 satisfieg3.1.1), (3.1.2 and(3.2.1) }.

A graphG is calledt-perfect! if Posrap(G) = Psrap(G), which means that the inequalities
of Pcsrap are sufficient to describe the stable set polytope. Examples for t-pgrigahs are
bipartite and almost bipartite graphdhe problem of checking whether a graph is t-perfect or
not belongs ta:o - N'P: a non-integer vertex oPcs1 45 would do this. Like in the previous
section, the special structure of t-perfect graphs helps finding a maxstalste set. This is
stated by the next corollary.

Corollary 3.2.1. The maximum stable set problem in a t-perfect graph can be solved in poly-
nomial time.

We will see in Chapted.2that the odd-cycle separation is# This proofs together with
[ ] Corollary 3.2.1

U1 U1

(%) Vs

U3 V4 U3 V4
(a) 5-cycle with chord (b) 5-cycle with extra node

Figure 3.2.2: Not facet-defining odd-cycle inequalities

We are mainly interested in facets 845 since they are not dominated by any valid
inequality of PsT 4. The odd-cycle inequalities can only be facet-defining if its odd cycle is
chordless. Therefore consider F&2.2(a). The chordvv,4 cracks the 5-cycle in the 3-cycle
(v1, V104, V4, V4Vs5, V5, V51, V1), @Nd the 4-cyclevy, viva, va, VaVs, V3, VU4, Vg, V401, v1). N
general, if there is a chord, one gets a smaller odd-cycle and an even tyhe smaller odd-
cycle inequality together with the edge inequalities dominate the odd-cycle iitegpuahich
shows that they cannot be a facet. In our case

T +r4+25<1
+ T2+ 3 <1

T1+ T2+ T3+ T4+ 25 2.

1The "t" stands for "trou”, which is the French word for "hole".
2 graphG is called almost bipartite if there is a nodesuch that grapks: — v is bipartite.
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A graph which is a chordless cycle is calladle. If an odd cycle induces an odd hole, the hole
corresponding odd-cycle inequality is calledd-hole inequality. Consider the following odd-hole inequality

Corollary 3.2.2. [ ] Let G be an odd hole. The}ZvieV x; < |V|2*1 is facet-defining for
Pstap(G).

Proof. Let L be a facet ofPs145(G) defined through inequalitys, by) and

F:= {a: S PSTAB(G)‘ Z z; < MT_I} C L.
v, €V

Label graphG with indicesi = 1,...,n = |V] such that
vvj € E<=|i—j|=1 (mod n—2).

The incidence vectox of a maximum stable set od has now alternating entries of value 0
and 1, except for one case where the entries are a sequence ofrbgo Befine the index of
the corresponding variable to such a Oiawhich is followed by a 1, modula. The index

of this variable is denoted by. Now, letz;; be a variable corresponding to such an incidence
vector. The value of entry andj are exchanged in variables; andz;;, but they are equal

in all other components. By construction, both vectors atBsifs z(G) and insertion of them
into inequality(3, by) yields in

Bxij = by = Bxj;

which is true for all neighbors and j, or more preciselyi,j : |i — j| = 1 (mod n — 2).
Thus, there existg € R with 8 = n - 1. Since all components g¢f are positive, otherwise
inequality (3, bp) would be dominated by a non-negativity inequalipyhas to be greater than
zero. Consider the right-hand side

_ _ [V]-1
ﬁ‘xuv—n'xuv—n' 2 -

This implies
(B,b0) = (-1, - M=) = - (1, MY,
which shows that” = L. O

Corollary 3.2.2has the strict assumption th@thas to be an odd hole. In all other cases
it depends on the structure of the graph whether the odd-cycle inequébitzg) are facet-
defining for Psr45(G) or not. We will see in Sectio8.4 that the two odd-hole inequalities
indicated by Fig3.2.1are facet-defining for the graph of Fig.1.1 On the contrary, consider
Fig. 3.2.2(b) which shows a chordless 5-cycle with an additional node. Obviouslyuaiiy

T1+ To +x3+ 24 + 25 + 226 < 2 (3.2.2)

is valid and dominates the odd-cycle inequafitj:1 z; < 2, which shows that this odd-cycle
inequality has to be lifted to get a facet-defining inequality.
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Lifting

The process calletifting is the extension of a valid inequality for a polytogeto a valid
inequality for a higher dimensional polytoge 2> P. Thereby, one must compute appropriate
coefficients for the other variables missing. If all the coefficients are, zee call the process
trivial lifting . This is the simplest way and leads in any cases to a valid inequaligef 5.
However, the main purpose of lifting is to receive a facet-defining inequaflify from a facet-
defining inequality(, by) for P. As (53,bo) is a face of polytopeP, its dimension has to be
increased. Consider again odd-cycle inequﬁglz1 x; < 2 for the graph of Fig3.2.1 which

is a facet of the odd hole induced by the nodegs...,vs. We have already seen that this
inequality does not define a facet of the whole graph. The additi@xgfjave us inequality
(3.2.2. This is a facet-defining inequality, since the characteristic vectorggponding to
the stable set§vy, vs}, {vi,va}, {va, v4}, {ve,v5}, {vs, v5} and{vs} are linearly independent
and satisfy 8.2.2 at equality. Note that for coefficient 1 of variablg, inequality 3.2.2 is
still valid, but does not define a facet and if the coefficient is greater 2hthe inequality is no
longer valid. The next theorem shows that there are always suchiic@eféicients forPsr 4.

Theorem 3.2.3.[ ]Let G = (V, E) be a graph andV C V. Suppose

Z Bizi < by

v, €W

is facet-defining foPsr 4 5(G[W]). Then there ares; € Ny for all v; € V' \ W such that

Z Bizi < by

v, €V

is facet-defining foPsra5(G).

We neglect all the details of the proof but instead look at a constructioensetor the
coefficients. Consider first the special case With W = {v;}. Let

IP: 2z* =max Zﬁle

v, eW
s.t. Ax <1- A.J‘
z € {0,1}W

be a modified weighted stable set problem wharg denotes thg-th column of node-edge
incidence matrixA. Theng; := max{0,by — 2*}. One observes that if; is not adjacent to
any node ofi¥, the coefficient3,, = 0. For the case ofV’ \ W| > 1 each coefficients can
be computed in the way described. Afterwards it has to be added ¥ seéience, the new
coefficients may depend on the previous computed one. Note that thexseaqi¢he computed
coefficients might lead in different results which means that one getsetitfémcets. As the
subproblems are hard to solve, this method is more of theoretical interest.

This idea of lifting was primarily introduced byABBERG in 1972, | }. Itis called
sequential lifting. PADBERG used it for the case where détindicates an odd cycle i@. This
is a special case of Theore®r2.3and provides the information that an odd-cycle inequality can
be lifted to a facet, whenever the odd cycle is chordless and therefaredsdn odd hole if:.
A slight modification can be found iri{04].
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3.3 Cligue Inequalities

As on bipartite graphs the non-negativity and edge inequalities are soifficidescribeéPsr 45
and a graph is only not bipartite if it contains odd cycles, one could think ithgeneral, the
odd-cycle inequalities are enough to describg 4 5. Unfortunately, there is already a graph
with four vertices which is not t-perfect. Consider the example of Big.1 It provides the
induced subgrapt[{vs, ..., vs}] of Fig.2.1.1

Figure 3.3.1:K, is not t-perfect

We recognize that the graph of Fi§.3.1is complete and hence a clique. This suggest the
following inequalities

> ;<1 foreach cliquey, (3.3.1)
v, €EQ
which are calledlique inequalities. We consider clique inequalities

Theorem 3.3.1.] ] Let G be a graph with node sét and@ C V. Inequality(3.3.])
is valid for Psp4p(G). An inequalityZUjEQ z; < 1is afacet ofPs7 45, iff @ is a maximal
clique inG.

Proof. [ }Let Q be aclique inG = (V, E). Since there is an edggv; € E for all nodes
v;,v; € @, a stable set oG can only contain one node @ which implies that inequality
ZvjeQ xj < 1 holds for allz € Psrap. Therefore, itis valid folPsr 4.

"="Let @ be a clique inG which is not maximal. Then there is a nodec V' \ @ such
that@ U {v;} is still a clique inG. Then inequalityZUkEQU{Uj} xp < 1is tight for all stable
sets, satisfying , o zx = 1. In addition, there is at least one solution more, namely

1, ifl=y
x = .
0, otherwise

where the clique inequality fap U {v;} has slack zero. This shows that inequality

is dominated by

Z T <1

v €QU{v; }

and therefore not facet-defining f&kr45(G).
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"<" We will see that there ar@/| linearly independen(, 1)-valued solutions of the stable
set problem which satisfy the clique inequality at equality. By definition, theyatso affinely
independent and the affine rank of their face has dimer$ior- 1 which implies that they are
facet-defining. First we construp| solutions by setting:; = 1 for exactly one node of) at
atime andr; = 0 otherwise. IflV = @, we have already constructéd| solutions. Otherwise,
for everyv, € N\ @ there must exist at least ong € Q) such thaw,v; ¢ E, sinceq is the
node set of a maximal complete subgraph. Therefore we have

1, ifl=kvi=j
€T =
: 0, otherwise.

This implies that we gefi” \ Q| + |Q| = |V| solutions. To demonstrate that they are linearly
independent, we consider the followifig| x |V| matrix

A B
M= ( C A )
with the |Q| x |Q| submatrix
1 0 0
A= O
-
0 0 1

and the zero matriK’. Matrix B has in each row exactly one entry with value 1 corresponding
to a node which is not adjacent to the node selected by mdtrixrhe dimension ofB3 is

[V \ Q| x |V \ Q| SinceM is an upper triangular matrixiet M = 1, and the corresponding
vectors to each row af/ are linearly independent. O

Theorem3.3.1shows that the edge inequaliti€s 1.2 are only facet-defining foPsr g,
if they build a maximal clique—hence, they are dominated by the clique inequahtids.that
for triangles, the clique inequality and the odd-cycle inequality are equal.déffae the so

clique-constraint stable secalledclique-constraint stable set polytopeas

polytope

perfect

Pgsrap(Q) := {z € RVl| 2 satisfieg3.1.1), (3.1.2 and(3.3.1) }.

A graphG is calledperfectif Posras(G) = Psras(G).

Perfect Graphs

We have already seen in Sectigr? that the coloring number is greater or equal to the clique
number. In 1961, BRGEcalled a grapliz perfect, if

w(G) = x(G)  foreachG C G. (3.3.2)

It can be shown that the polyhedral definitidPsr45(G) = Posras(G), is equivalent to the
graph theoretical one, cf.(| ]. The next theorem gives a characterization of the perfect
graphs. It was already posed b¥BGEiIn 1962 but primary proven in 2002 byHDNOVSKY,
ROBERTSON SEYMOUR and THOMAS, cf. | ].
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Theorem 3.3.2(Strong Perfect Graph Theoren). | 1 A graph is perfect iff it, or its
complement, does not contain an odd hole of length at least five as arethdubgraph.

This theorem can be stated more simply as the assertion that a graph i jfféifeontains
no odd hole and no odahtihole, which is the complement of an odd hole. In honor &fR&E antihole
a perfect graph is sometimes also called Berge Graph. Examples for thelasdeof perfect
graphs are bipartite graphs, line graphs of bipartite graphsiangulated graplis Especially,
each complement of a perfect graph is a perfect graph, which is kaswheWeak Perfect
Graph Theorem, proven by lovAszin 1972. Consider the following

Theorem 3.3.3.[ } The maximum stable set problem for perfect graphs can be solved in
polynomial time.

The proof of Theoren3.3.3uses an infinite class of inequalities which are catlgtionor-
mal representation inequalities They take the forn{jviev(cT -u;3)?x; < 1 with real vectorsorthonormal representation
u; satisfying||u;|| = 1 andu, u; = 0 for all v;v; ¢ E and an arbitrary vectaf € R™ with inequalities
|ld] = 1. In this cas€|-|| denotes the Euclidean norm. The convex set of all vectors satisfy-
ing the non-negativity and the orthonormal representation inequalities isl tiadia body. It theta body
defines a polytope, iff grap@é is perfect. It can be shown that the orthonormal representation
inequalities generalize the clique inequalities. For the special case ofexpgréph, the theta
body is equal tcPps7 4 andPst 4. Furthermore, it can be shown that the separation problem
for the orthonormal representation inequalities can be solved in polynomial Tihig implies
that the maximum stable set problem for perfect graphs can also be solpelynomial time.
This is quite remarkable, as the clique separation probleM7s hard. Indeed, to determine
a solution forPysrap is in generalV'P- hard, too, and only for perfect graphs proven to be
polynomial. We have to neglect more details here and refer the interestid feainstance to

[ 1.

To check whether a graph is perfect can be done in polynomial time, batgbgthms are
guite sophisticated. Recently, there is some progress but the best klgmsithans have still a
running time ofO(V%), cf. [ ]. For further studies of perfect graphs we recommend the
book | ].

3.4 Further Inequalities

In this section we look at some additional inequalities, valid for the stable $gbpe of a

graphG. The following is based ortjch03 : ]-
Consider Fig3.4.1(a). It shows an antihole with 7 nodes which is the complement graph
of an odd hole. We recognize the so-caledihole inequalities antihole inequality
Z x; <2 for eachA inducing an antihole i, (3.4.2)
v, EA

which are valid forPs745(G). Note that an antihole with 5 nodes is isomorphic to an odd hole
with 5 nodes. The corresponding inequality to an antihole with 6 nodes istegha sum of its

3The line graph ofG is the graph whose node set is the edge sdf @nd two nodes are adjacent, iff their
corresponding edges are incident to a same node in
“A graph is called triangulated, if it does not contain a chordless cycle gftieat least four.
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two triangle inequalities. For an antihole with> 6 nodes, adding all its triangle inequalities
leads to the following inequality

(W%ﬂ n (n—5)(n—3)) 3y < nlnyind), (3.4.2)
=1

Insertion ofn = 7 in this inequality, gives valud4 for each component of and as left hand
side value90. Dividing the resulting inequality bg4 leads to the right hand sic% which is
fractional. As all coefficients of this inequality are integer, it can be redndown resulting
in the odd-antihole inequality. Formul&.4.2 shows that this concept does not work for an
antihole with more than 7 nodes. Note, the odd-cycle inequalities are alsooadidehn cycles,
but they are equal to the sum of the edge inequalities. In contrast to thimtihele inequalities
bring new information for antiholes of an even order greater than 4.

(a) Odd antihole (b) Odd wheel (c) (7,3)-web (d) (7,3)-antiweb
Figure 3.4.1: Further inequalities

In the section about lifting we considered an odd hole having an additiada which is
adjacent to all other nodes. Such a graph is calledel For the special case of a wheel with
5 nodes we have already recognized a facet-defining inequality fop&natular graph. This
type is known a®dd-wheel inequalityand reads in general

Z i + |C|271xu < |C‘271 (3.4.3)
v;eV(C)

with C' as an odd cycle and € V' \ C with uv € E for allv € C. In the case ofC| = 3
it is a clique inequality. Inequality3(4.3 is valid for Psr45(G) and defines a facet {& is
isomorphic to an odd wheel. For an example of an odd wheel with 8 nodsfeorig.3.4.1

(b).

Let p and ¢ be integers satisfying > 2¢ + 1 andq > 1. A graphG is called aweb
if G is isomorphic to the graph consisting of the nodes, ..., v,} with an edgev;v;, iff
|i—j| = r < g modulo(n—2). Aweb is abbreviated with’ (p, ¢). A graph is callecntiweb,
denoted byAW (p, q), ifft AW (p,q) = W (p, q). Examples can be seen in F&y4.1(c) and (d),
respectively. The following inequalities

Z r < gq, (3.4.4)
eV (W (p.g))

Yo < {gJ (3.4.5)
eV (AW (p,a))

are calledweb inequalities and antiweb inequalities respectively. Both types of inequali-
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ties are valid forPsr45(G). The web inequalities3(4.4 define facets ifp and ¢ are rela-
tively prime’> andG = W (p, ¢), while the antiweb inequalities3(4.5 are facet-defining for
Psrap(AW (p,q)), if there is nok € N with p = k * q.

V1 Ve

vs ( v

V4 (O}

Figure 3.4.2: Facet-producing graph

Let us come back to grapti defined through Fig2.1.1 If we add the 5-cycle, the tri-
angle and the 4-clique inequalities f&rs7 45, it can be shown that it is equal Bsr4p.
Unfortunately, the inequalities that have been discussed until now asaifficient to describe
Pstap in general. Therefore, consider graghof Fig. 3.4.2 We observe two triangles and
two 5-cycles. Adding their corresponding inequalitiest@s 45 leads to a polytope with 35
vertice$. Exactly one vertex is not integer, which reads

This implies that the added inequalities are not sufficient to deséldba 5(G). In order to
calculate a description of the facets@fwe use PORTA[jor]. The output can be seen on the
next page. "DIM" stands for the number of variables and the vectar'atéd_ID" lies inside
the polytope described by the inequalities of "INEQUALITIES _SECTIQMtich shows that
the polytope is not empty. Let us have a closer look at the inequalities. @otstfl) to (8) are
the non-negativity inequalitie8(1.1) and the inequalities (9) to (13) are some edge inequalities
(3.1.2. (14) and (15) are inequalities corresponding to a maximal clique, (®)H7) are
5-cycle inequalities. Inequality (18) does not belong to any inequality wiele been studied
until now. Nevertheless, it defines a facet.

>Two natural numbers are called relatively prime if their greatest condivisor is 1, or in formula: ged(p,q)=1.
5This is not obvious, but they can be calculated for instance with PORTA.



30 Chapter 3. Stable Set Polytope

DM= 8

VALI D
10100010

NEQUALI Tl ES_SECTI ON

I

(1 -x1 <=0
( 2) - X2 <=0
( 3 -x3 <=0
( 4 - x4 <=0
(5 -x5 <=0
( 6) - X6 <=0
(7 - X7 <=0
( 8) -x8 <=0
(9 +X7+x8 <= 1
( 10 +X6+X7 <=1
( 11) +X4+x5 <=1
( 12) +X2+x3 <=1
( 13) +x1 +x5 <=1
( 14) +x3+x4 +x8 <=1
( 15) +x1+x2 +X6 <=1
( 16) +X2+x3 +X6+X7+x8 <= 2
(17) +x1+x2+x3+x4+x5 <=2
( 18) +Xx1+x2+x3+X4+xX5+x6+x7+x8 <= 3
END

rank inequality Inequality (18) belongs to the large class of so-catkeuk inequalities. LetG = (V, E)

be a graph antl’ C V, then these inequalities read

(W)= > a; < a(G[W]). (3.4.6)
v, €W

From their construction, inequalitie8.4.6 are valid for Ps745(G). The edge, odd-cycle,
clique, antihole, web and antiweb inequalities belong to the class of rankaligeg There-
fore, these inequalities are not facet-defining Rt 45(G) in general. The inequality of an
odd-wheel with 5 or more nodes is no rank inequality, for instance.



Chapter 4

Branch & Cut Modules

In the last chapter we introduced the stable set polytope and some of itatiatesx Now,

we want to use the polyhedral results to develop a Branch & Cut solvathéomaximum
stable set problem. We start with a preprocessing phase which exploitpebialsstructure

of the linear progranCP. Several generalizations for other LPs are discussed and examples
are given which show that the structure &P is lost in general after the addition of clique
or odd-hole inequalities. In Section 2 we consider separation procedéfeer a polynomial
time separation algorithm for the odd-cycle inequalities is developed, weédeortke clique
inequalities. This is followed by a discussion of the edge projection which isthatiéo
shrink a graph in order to call separation routines in the shrunk graghreWew the results
from the literature and present several extensions of the theory dfscgest criteria for facet-
defining inequalities and a generalization of the edge projection to genecpidlities. At the
end of Section 4.2 we consider two types of general inequalities. Thedatakre adopted
from the traveling salesman problem and the nkarlits are considered as a special case of the
CHVATAL -GOMORY cuts. We will close this chapter with a famous branching strategy for the
stable set problem.

4.1 Preprocessing

"Given a formulation, preprocessing refers to elementary operatiohsdhabe performed to
improve or simplify the formulation by tightening bounds on variables, fixingesand so on.
Preprocessing can be thought of as a phase between formulationatimso([ ], p. 17)

The citation above includes the main ideas of a preprocessing phasechsthef a Branch
& Cut algorithm for the maximum stable set problem, we focus on eliminating orgfigin
variables and on some structure properties of maximal stable sets. As mdrahne, prepro-
cessing uses mostly fast algorithms, which need only linear time, or at mostopoigl time.
It is also typical that small problem instances can be solved immediately in theopessing
phase. In the following, we will look at some special structures and result®w to improve
a Branch & Cut algorithm via preprocessing.

31
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4.1.1 Basic Preprocessing

There are some fundamental ideas for preprocessing for the maximue staproblem. Let
G. = (V, E, ¢) be a node-weighted graph.
e One can delete all nodes of the graph wittgativeor zero weight
Ve, with 1 < i < [V]ande; < 0 = a(G) = a(G) with G := G — v;.
This can be done iO(|V ).
e If the graph is not connected one can solve the maximum stable set proplsoiving
the problem for eachonnected componesgeparately:
3G, for somel < j < oo with G = W;G; = a(G) = Y _ a(Gy).
J
The connected components can be identified for instance with the Depti&Earch
algorithm in linear time with respect to the size of the adjacency structureizef0f].

After all maximum stable set problems are solved independently, they haeentetyed
to a maximum stable set for gragh This can be done in linear time.

e As a special case of the last observationjsalated nodesvith positive weight are part
of a (all) maximum stable set(s):

Vo; with 1 < < |V]andd(v;) =0A ¢; > 0 = a(G¢) = a(G, — v;) + ¢;.
This can be done iD(|V

), if stored in an adjacency list.

¢ If the weightof a node iggreateror equal than the weight of the sum of all iteighbors
it can be fixed:

Vo; with 1 <4 < |V|ande¢; > Z c; = a(Ge) = a(Ge — ({vi} U (vy)) + .
U]'EF(’Ui)

Due to this observations we assume from now on that the geajghconnected and has only
positive weights.

4.1.2 Fixing of Cliques

According to our definition in Chaptdr.1, we call a node set a clique if its induced subgraph
is complete. Hence, we consider also the degenerated cases when thealigists of one or
two nodes. Imagine there is a cligdgeand a nodey € @, whose neighborhood is a subset
of the clique. If the weight of this node is greater or equal to the weightl @itlaer nodes of
the clique, this node can be added to a stable set and the whole clique calletee dfom the
graph. This is summarized in the following lemma.

Lemma 4.1.1. Let G. = (V, E, c) be a node-weighted graph. Exists a nagec V and a
clique@ of G with the property’(v;) € Q andc¢; > ¢; for all v; € @, then there is a maximum
stable set ofx which contains node;.

The proof is a by-product of Prog.1.4and is discussed there.
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4.1.3 Fixing of Nodes

In Chapter3, we became familiar with the stable set polytope relaxation. This polytope is
defined by the trivial and edge inequalities. The resulting structure wessdmyed in Corollary
3.1.2 It states that the vertices are @)l 1, 1)-valued. This will enable us to prove

Theorem 4.1.2.[ ] Supposer* is an optimal(0, %, 1)-valued solution ofZP. There is a

maximum stable set i@ that containsS := {v; € V' [z} = 1}.

Theoremd.1.2is the main result of this paragraph. It expresses that all nodes whieh ha
value 1 in an optimum solution a@P can be fixed without changing the optimum value. This
can be used in order to solve a maximum stable set problem. Whenever an| gatintian
of LP has the value 1, the corresponding node can be fixed. After that, thisamatall its
neighbors can be deleted from the graph. This leads to a reduction ofdée which might
help to cope with the complexity.

In the following, we look more closely at the assumptions of Theodeh? and discuss
possiblities to generalize the result. First we have to examine a

Proof of Theorem4.1.2

This theorem was first noticed and proven bgMHAUSER and TROTTER]| ] and is the
template of the following proof. In order to prove Theorérth.2we consider two propositions.
We start with several notations.

Let G. = (V, E,c) be a node-weighted graph and 1t V, C V. Define theincidence incidence
of Vi in Vo by Vo(V4) := Vo N T(V}). LetS be a stable set 06 and denotes := V' \ S the
complement ofS in V. A node setl C S is called amaugmenting subseto S if I is a stable  augmenting subset
set onG with the property that(S(I)) < ¢(I).

Proposition 4.1.3. [ ] Let S be a stable set in graptr.. ThenS is not a maximum stable
setinG,, iff somel C S is augmenting ta.

Proof. "=" If there is anI C S augmenting taS, then(S U I) \ S(I) defines a stable set on
G. The additivity of the weighting function and the property of an augmentibgetLimplies

c((SUN\SUT)) =¢(S) + c(I) — ¢(S()) > ¢(S)

which shows thass is no maximum stable set.

_"<"If Sis not a maximum stable set @k, then there is a stable s8twith the property
c(S) > ¢(S). Definel := S\ S. Obviously,I C S and[ is a stable setl is augmenting t&
because of

cl) = c

vV
o

A
Ve
o)
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Inequality (1) holds becaus®is a stable set with the proper(t&?ﬂ S)NI(I) = () which shows
thatS(7) C S\ S. Since the weighting is positive we have closed the proof. O

For the next proposition we defirtés as induced subgraph 6f by S UT'(S).

Proposition 4.1.4. [ ] If Sisa maximum stable set in gra@‘g, then there is a maximum
stable setS* in G with S C S§*.

Proof. LetS be a maximum stable set(AEls. We construct a stable s&t for G and show that
there is no augmenting subset. Therefore, consider the following notations

o G:=G[V]withV :=V \ (I'(S)US),

S denotes a maximum stable seiGn

e S$*:=SUS, which implies thatS* is a stable set of,

e S¢:=V \ S denotes the complement &fin V/,

e S":=T(S) U S is the complement af* in V, which impliesS™ N §* = 0,
e I C S is astable set fof,

o I} :=T(S)NIandl,:=8N1.

Sinces is maximum stable set i, SUT(S) = V andl, C I'(S) we have
co(I) < ¢(S(I2)).
AsT'(S) N Iz = 0 we know thafl’(I2) NS = (), which implies
¢(S(I)) = ¢(S*(I2)).
Analogue, optimality ofS in graphG.s andI'(I;) NS = 0 implies
c(h) < ¢(S(h)) < e(S™(1) \ 8" (L))

Combining the relations above and using that [; U Iz, I'([; U Iz) = I'({;) UT'(I2) and
¢ > 0leads to

e(I) c(I1) + c(I2)
¢(S* () \ S*(I2)) + ¢(S*(12))
= ¢(8*(1)).

Thus, no subset & augmentsS* and, by Prop4.1.3 S* is a maximum stable set i@t. [

IN

One can use Propositiah1.4to proof Lemma4.1.1 Nodew; is then a maximum stable
set in @{Ui}. Recognize that it is not sufficient for Lemmdal.1that c(v;) > c(v;) for all
vj € I'(v;). Instead, we have seen thdt;) must be greater than the sum of the weights
of its neighbors. This can also be proven using Propos#tidmd We want to point out that
Propositiord.1.4is not true for all maximum stable se®$ in G in general. Rather, it says that
there is at least one maximum stable set with that property.

Now, we are prepared to proof the main result.
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Proof of Theorend.1.2 SupposeS # @ With proposition4.1.4it is sufficient to show that
S is a maximum stable set in subgra@l:g of G. If S is optimal in Gs, there cannot be an
augmenting subset t9 according to PropositioA.1.3 We use a proof by contradiction.

Assume there is an augmenting subiset I'(S) to S in Gs. By definitionc(S(I)) < e(I).
Let z* be an optimal solution of P and define vectar as

. %, if v; e TUS(I)
I :z:;‘ otherwise

According to the assumption and Corolla&8yl.2vectorz* is (0, 5,1)-valued. Sincer; =1
impliesv; € S\ S(I), z is also a feasible solution t6P. Because: andz* differ only in set
TUuS(I)andI NS(I) =0, we have

S - Y qar = %c(IuS(I)) —c(ITUs(I))
v; €V v €V
= Se(TUS(D) ~e(s(1)
_ %C(I) + %c(S(I))—C(S(I))
- %(c([)—C(S(I)D
> 0.

This contradicts the optimality af* which shows tha& is a maximum stable set @s. O

Generalization

Consider again Theorem1.2and recognize that it has basically one assumption. It requires
that the linear programi’® consists only of the edge and trivial inequalities. The second condi-
tion that the optimum of2P is (0, %, 1)-valued is implied by the first assumption which shows
Corollary3.1.2

In order to solve a maximum stable set problem via Branch & Cut, one adiisoadl
inequalities toLP. In the last chapter we have seen that the solutiof?floses the property
of being (0, ;, 1)-valued in general, if inequalities are added. Therefore the naturatiqoe
arises if there is any possibility to strengthen Theorein2that it can be generalized to accept

solutions of the linear programfi”? with additional

odd-cycle inequalities,

cligue inequalities,

odd-cycle and clique inequalities together,

facet-defining inequalities,

valid (general) inequalities.
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Considering the proof of Theorerh1.2gives no hint how to modify it accepting one of
the above changes. The proof oEMHAUSER and TROTTER strongly requires the special
structure of theCP polytope. If a solution vector is n@b, %, 1)-valued, the construction af
in the above proof will fail. But even if we assumé@ %, 1)-valued solution, we will see that
the answers to all 5 questions above are negative. This is demonstrafeg Hyl.1

o :.
o)
) —C®

(a) Triangle (b) 4-clique

(c) 5-cycle (d) Chordless 5-cycle

Figure 4.1.1: Graphs wit(D, %, 1)-valued LP solution. The green/ red lines represent a clique
/ odd-cycle inequality added t67. The number in a node represents the solution value of
LP after adding one odd-cycle or clique inequality. The blue colored nagaha fixed nodes.
The yellow colored nodes build a maximum stable set in the remaining grapffixifigra node

while the red colored nodes build a maximum stable set for each whole graph.

The size of a maximum stable set after the fixing of a node with value 1 diffeas four
graphs of Fig4.1.1from the size of a maximum stable set of the whole graph. In each graph
the number of yellow and blue nodes is two, which is smaller than the numbed oiodes.
Graph4.1.1(a) provides an example for a 3-clique which is also a 3-cycle. This exagee
the answer to all 5 question above. The clique inequality highlighted with thendiees is
facet-defining, because it is maximal—in this case even maximum. A clique which &@so
an odd cycle can be seen in graphi.1(b). Graph4.1.1(c) and (d) provide examples for cases
with the addition of an odd cycle and a chordless odd cycle, respectidihis graphs show
that the theorem of EMHAUSER and TROTTERcannot be generalized in that way. One should
notice that the solution vectors of the four examples correspond to vedidég polytope.
Hence, they are candidates for solutions of the simplex method.

One can ask why the proof of Theorehi.2does not work when adding an inequality and

assuming that the solution {8, %, 1)-valued. The problem is that the constructed veatan

the proof is generally no longer feasible since it does not respect trealadequality.
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4.2 Separation

In Chapter3 we described some classes of inequalities valid for the stable set polythpe. T
number of valid inequalities may grow exponentially and therefore it is noffiieip add all

of them to a linear program relaxation. It is not necessary to describeothplete polytope

to solve a particular problem. One would add only the "important" inequalitiess i$tdone
sequentially by solving an LP-relaxation and adding violated inequalities tootineufation.
Finding these violated inequalities, is the separation problem. We start withpgheatien of
the odd-cycle inequality, which is based anj97, ) 1.

4.2.1 0Odd-Cycle Inequalities

In order to separate the odd-cycle inequaliti@); one has to find an odd cycle violating the
corresponding inequality or one has to proof that such cycles doexisdt @/ith other words,
we have to find a minimum-weight odd cycle in a graph, with appropriate weightiragion. If
this cycle satisfies the corresponding inequaldy?); it is proven that all odd-cycle inequalities
are satisfied. Otherwise one has found a maximal violated odd-cycle litggUiaerefore, we
first consider an algorithm which computes a minimum-weight cycle of an anpgraph with
edge weighting. The second step is to define edge weights dependingioerat ¢.P solution.
This will solve the separation problem for the odd-cycle inequalities. Itigjoie clear, who
has brought up the idea of the following algorithm, but it was published ii® 198GERARDS
and SHRIJVER cf. [ ]

Algorithm 4.2.1 Minimum odd cycle in a graph
Input:  Edge-weighted grap&. = (V, E, ¢), weightingc is non-negative
Output: Minimum-weight odd cycle of G. with weighth

/I Construct auxiliary bipartite grapH := (Vi, Ex)
1: Vg = {v", v~ |v € V} /I Duplicate all nodes of grapti
2. By :={utv ,vtu"|uw € E} lutv ,u vt € By S u,v€E
3 Vuv € E: cg(utv™) =cy(vtu™) := c(uv) /I Define the weights off

I/ Initialize odd cycleC and its weighth
4: C:=(andh := oo

/I Construct for each node 6f. a minimum-weight odd cycle
5: for all nodesu € V do

6: Compute a minimum-weight patRy := (u*, uTul,uy, ujug,. .. uf, ufu=,u")
from nodeu™ to nodeu™ in graphH with weightcp,,; 0 < k < 2|V| — 2, k even

7 Receive the closed walW¢ := (u, uuq, uy, ujug, ug, . . ., Uk, upu, v) in graphG

8:  Construct odd-cycl€' = (vg, v1, v, . .., Um, Vo) With weightcg from walk W;

0<m<|V|—1,meven
9: if c¢g < hthen

10: C := C andh := ¢g // Update minimum-weight odd cycle
11:  endif
12: end for

13: return Odd cycleC and its weighth.
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Consider now Algorithm#.2.1 In the first three steps an auxiliary graph= (Vy, Ex)
is constructed. Node s&t is duplicated and the two copies are calléd andV ~. An edge
utv~ oru~ vt isin Eg, iff edgeuv € E. Since there is no edge between two nodels bfand
the same fol/ —, H is bipartite withVy = V, WU V_. The weights are copies of the weights of
graphG. In step 6 a minimum-weight path from nodé to nodev— is computed. Since nodes
vt andu™ are in two different sets of the bipartition, an odd number of edges areinaased
path. The corresponding odd walk @Ghis constructed in step 7 by deleting the indieesind
—, respectively. Note that this walk can have edge and node repetitionsddnto get an odd
cycle inG, one has to delete the double nodes and edges. One idea can be to staodeith
and mark all visited nodes and edges along the closed walk. If a markedseited again,
all nodes and edges along this closed path can be removed from the nvidik.dase of an edge
repetition, the last visited node and the repeated edge have to be renmwetthérwalk. After
this is done, all node and edge repetitions have been eliminated. The resldsad walk can
have odd or even length or may be empty. If it is odd, one has found a minineighiodd
cycle inG,, sincec is non-negative. In the other two cases, one of the removed closedyaaths
odd length. Each of these odd cycles has smaller or equal weight thandmycle containing
u. Hence, we store one of them in €et Since all edge weights are non-negative the remove of
nodes from the path does not destroy the exactness of this algorithmcisede and edge in
W is marked only as its frequency, the procedure described above aonben linear time
in the length ofiWg. Therefore, a minimum-weight path fronT to «~ in H, with respect to
weightingcy, corresponds to an odd cycle @i which has smaller or equal weight than any
odd cycle containing node. As in step 5 such an odd cycle is computed for all noded
graphG, algorithm4.2.1computes a minimum-weight odd cycle@h

We recognize that the computational complexity is dominated by the for-lodeptsand
the construction of a shortest path in step 6. Since all weights of auxiliaphdf are positive,
one can use the algorithm ofilXSTRA to calculate the shortest path, which has running time
O(E log(V)). We summarize all this observations in

Proposition 4.2.1. A minimum-weight odd cycle in a graghcan be computed with Algorithm
4.2.1in O(VElog(V)).

For an example, we consider Fig2.1 We begin with the graph on the top of sub figure
(a). In this case, we say that all edges have weight zero. In sulefiguthe auxiliary graph
constructed by Algorithmt.2.1is shown. All edge weights are 0 by construction. We start
to compute a minimum-weight odd cycle containing nege A resulting shortest path from
nodev; to nodev; is represented by the red edges. The translation of this shortest path to
a closed walk can be seen in sub figure (c) on the top graph. We reedipaiznodevs is
contained twice in the walk. Using the described method leads to a removeednod; and
vg from the walk. In this case the remaining closed walk is an odd cycle contaiidgu; .
Computation of an odd cycle including is shown in the graph below. The corresponding path
is labeled green. Again there is a node repetition and we remove nodesv,. After that,
we recognize that edggu, is contained twice in the walk. Elimination of it shows that there is
no odd cycle containing, and the resulting walk gets empty. But as a by-product we receive
an odd cycle containing nodes, v, andvs.

Next, we want to use Propl.2.1to show that the separation problem for the odd-cycle
inequalities can be solved in polynomial time. We therefore have to defineganveslghting.
Letz* € [0, 1] be a vector satisfying the non-negativi.1.1) and edge inequalitieS(1.2,



4.2. Separation

39

U1

Us

\
/

U5

v3

V2

U1

U3
U2 UG

(a) Two identical graphs

(b) Auxiliary graph

U1 V4
,Uf Y N
1
(%3
'U_ ‘ ’U3 N /N
2 /
= V2 V)
Vg 6
U4 \ 1 O
.
5 Us
Vg U3
0 §)
'UQ fU6

(c) Resulting odd cycles

Figure 4.2.1: Odd-cycle separation

for instance a solution ofP. Define an edge weighting of graghdepending omx:* as

c:F —

c(v;vy)

[0,1]

2

*
1—af—x

*
J

Suppose thaf’ is an odd cycle inG. Then the weight o, with respect ta:, is

c(C)

Y clwixy)

viv;€E(C)
k *
Z I—af —a;
viv;€E(C)
|C| 1 * *
T3 ), @+
viv; €E(C)
IC] *
7z Z Li -
v, €V(C)

An odd-cycle inequality inG is violated by vector:*, iff

3C with V(C) C V,C odd cycle and Z T >

< 3JCwithV(C) CV,Coddcycleand > c(v;) < 5

IC|-1
2

viGV(C)
1

viv; €E(C)

Therefore a most violated odd-cycle inequality corresponds to an add icyG, having min-

imum weight with respect to. This leads to Algorithn%.2.2 In step 1 the edge weights for
graphG are calculated and in step 2 a minimum-weight odd cycle is computed. The check

in step 3 provides the information whether all odd-cycle inequalities are sdtisfinot. As
a computer has double precision only, it is quite important to check the violaitbravemall

tolerance:=. However, for the theoretical point of viewhas to be fixed to zero to get an exact

separation routine. We get the following theorem.
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Theorem 4.2.2. The separation problem for the class of odd-cycle inequalities can bedsolve
in polynomial time.

After all the observation, we only have to show that Algoritdn2.2 has a polynomial
running time in order to proof Theoretm?2.2 We observe that the running time is dominated
by the computation of the minimum-weight odd cycle. As the constructed weightslaron-
negative, we can use Algorithfh2.1and get the running tim&(V E log(V')). Note that it is
quite important that the trivial and the edge inequalities are met by vettoOtherwise the
weightsc would get negative, which has the consequence that $rrA’'s algorithm does not
work anymore. One could use for instance the algorithm BEIB/ANN -FORD, which deals
with negative weights. Unfortunately, negative cycle could occur whickesghe problem
unsolvable. But actually, this is no problem as the number of edge and triegualities is
linear in E. Therefore one would separate them before executing Algortf2n2

Theoremd.2.2is quite remarkable as the number of odd cycles in a graph can be exponen-
tial. For instancek,, has

odd cycles. The clue behind is that there is no need to check all odd c@esputing a very
small number of them is enough.

Algorithm 4.2.2 Odd-cycle separation

Input:  GraphG = (V, E), z € [0,1]V satisfies edge inequalities,,i,yio;
Output: Maximum violated odd-cycle inequality

/I Calculate weight.
1 c(uug) = 1_$Z;_$; forall uu; € £
// Compute minimum-weight odd cycle (&
Use algorithmd.2.1to computeC andh from G,
if b > % — einvio then
return There is no violated odd-cycle inequality Gh
else
return Zc x; < ‘ClT_l is a maximum-violated odd-cycle inequality in graghwith
respect zﬁ)evector* .
7: end if

The first known algorithm for the separation of the class of odd-cyclgualities goes back
to GROTSCHELand RILLEYBLANK in 1981, cf. [ ]. This algorithm also makes use of
an auxiliary graph. In this case it is no longer bipartite and the minimum-weightpde
is computed via a perfect matching. Unfortunately, it is quite time-consumingl¢alate a
perfect matching which can be done for instanc®iiE£|?). This algorithm will then have a
running time ofO(|E|*). This shows the dominance of Algorith#2.2 For the details, we
refer to [ 1.
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4.2.2 Clique Inequalities

Finding a maximum clique i$V'P- hard, as it is equivalent to finding a maximum stable set
in the complement graph; compare Chaf2 Computing an arbitrary maximal clique as well
as an arbitrary maximal stable set can be done in linear time. The separaildanprfor
the clique inequalities asks to find a violated clique inequality in a particular geaplith

a given LP solution or to state that all clique inequalities are satisfied. Thisuigsagent to
finding a maximum clique itz with the LP solution as node-weightirag Clearly, a maximum
clique in G, solves the separation problem and to certify that no clique inequality ia
violated one has to consider a maximum cliqueGn The consequence is that we have to
expect that any exact separation will be too time-consuming for a fagtBr& Cut algorithm.
However, computational tests show that the clique inequalities are very impfmtaolyhedral
approaches to the stable set problem, €f5(]. One idea could be to fix the size of the cliques
to be separated, as then the problem becomes polynomially solvable. Aolosleevation is that

it is enough to consider maximal cliques and their corresponding cliquealiggdominates
clique inequalities with smaller cliques, see Chay3. We will come back to this in Chapter
5.2.2where we discuss some heuristics.

4.2.3 Rank Inequalities

In the following, we introduce the method due toaMNINO and SASSANO'to find violated rank

inequalities, cf. | ]. The appealing idea is to reduce the size of the graph and to make

it denser at the same time. This process, which is catige projection should fasten the  edge projection
separation routines for a class of rank inequalities for the resulting gi@phstance the clique

separation. Once a violated inequality for that smaller graph has beed, fivis adjusted to

the whole graph. This process is calladti-projection. After reviewing the latest results of  anti-projection
Rossiand SURIGLIO, [ ], we will discuss some new polyhedral aspects.

In the following letG = (V, E) be a graph. We want to start with an exact definition of the
projection of a graph. For a given edge= uv the new graph is constructed in the following
way. Both endnodes, v of edgee and theircommon neighborhoodl",,,, := I'(u) N I'(v) are  common neighborhood
deleted from the graph. This has the effect that the edges in the set

Ey = {vivj € E|v; orvj € I'y, U {u,v}}

are removed, too. In addition, new edges, the so-cdllésk edgesare added. In the new false edge
graph, every node which is a neighbor of nadeut not ofv is adjacent to all nodes which are
neighbors ol but not ofu. The corresponding edge set is defined as

By = {vjvj|vjv; € V\ ({u,v} UTy,) andl ({v;,v;}) D {u,v}}.
The elements of E,,, are called false edges,df¢ E. We get the formal

Definition 4.2.3. The graphGle := (Ve, Ele) with Ve := V' \ (T'y, U {u, v}) and edge set
Ele := E\ E,, UE,, is called theprojection of e in G. projection

In order to have a chance to make a rank inequalitgzpf valid for the polytope of the
original graphG, we only consider edgeswith a special property. An edge= wv € E is
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projectable calledprojectable in G, if there is a maximum stable s&t in G such thatS*N{u, v} # 0. Itis
strongly projectable  calledstrongly projectable in G if it is projectable in every induced subgraph@fcontaining
bothw andwv. These definitions indicate the following

Lemma4.2.4.] ] Let e = uv be a projectable edge 6. Thena(G) = a(Gle) + 1.

This implies that a valid rank inequality for the projectiGHe can be anti-projected by
adding the deleted nodes of the projection step. This is stated in the followimigethe

Theorem 4.2.5.] ] Let e = uv be a projectable edge i andW C Vle. If (W) < lis
a valid rank inequality forPspap(Gle), thenz(W) + x(Tyy) + x4 + 2, < 1+ 1 is valid for
Pstap(G).

The next question is how the projectable edges can be characterizzefdrie we consider
first the case of strongly projectable edges.

Theorem 4.2.6.] ] An edgee = uv € FE'is strongly projectable i, iff it is not the central
edge of an induced subgraph isomorphic to a diamond, &§.2(a), a bull, Fig.4.2.2(b), or
a double fork, Fig4.2.2(c).

(a) Diamond (b) Bull (c) Double Fork
Figure 4.2.2: Diamond, Bull and Double Fork

Theoremd.2.6indicates the following necessary condition for a strongly projectable.edge

Corollary 4.2.7. If edgeuv € F is strongly projectable iz, then the common neighborhood
Ty is aclique.

Proof. Let uv € F be a strongly projectable edge ahig, be no clique. Then there are two
nodeswv;, v; in setl',, which are not adjacent. This implies that the graph indicated by the
nodesy;, v;, v andv is a diamond with central edgey which is a contradiction to Theorem
4.2.6 O

According to its definition, every strongly projectable edge is projectabiies implies

Theorem 4.2.8.[ ] An edgee = uv € FE is projectable inG, if it is not the central edge
of an induced subgraph isomorphic to a diamond or a bull or a double fork

Note that in this case we only have one direction. In fact, NiB- hard to check whether
an edge is projectable or not, cfE961. In contrast, Theorem.2.6 provides a method to
test strong projectability in polynomial time. For practical use however, itstout that the
number of strongly projectable edges for the relevant graphs is quite sialheck of the
DIMACS Challenge benchmark graphs, see for this graphs also Ghapows that they do
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not contain any strongly projectable edg&he MANN graphs form an exception according to
there special structure arising from the transformation of the set cogvprablem. In these 4
graphs half of the edges are strongly projectable. To use the projeetientheless, we help us
with a trick. The following corollary will enable us to make any edgestrongly projectable in

a smaller subgraph. The idea is to remove some edges which destroys tigepstjectablity.
Now consider

Corollary 4.2.9. [ JLete = ww € E. If I'(u) \ {v} is a clique, thenuv is strongly
projectable.

To make an edgev strongly projectable, one can select a cligadrom setI'(u) \ {v}
and delete all edgesw wherew is in setl'(u) \ ({v} U @)—the same could be done for node
v. The drawback is that the deletion of edges changes the structure estilémg graph and
decreases the density which negatively effects the projection. Toa¢kisarawback, one idea
could be to compute a large clique. Unfortunately, the computation of a maximune ¢fican
arbitrary graph is\"P- hard and one has to use a heuristic.

Now consider an example. In Fig.2.3(a) we select the edgguvs as a candidate for the
projection. As this edge is not the central edge of an induced subgi@pbiighic to a diamond,
bull or double fork, it is strongly projectable. We recognize théts) \ {vs} = {ve,v4} IS NO
clique but the criteria of Co#.2.9holds for nodevs. The projection of3vs; removes nodess,
vq andvs and adds the false edgevs. This can be seen in Fig.2.3(b). A separation routine
could find the clique inequality; + x5 + 2 < 1. Note that this inequality is not valid for
the whole graphG. The anti-projection adds the deleted nodes to the inequality and increases
the right hand side by value one. We obtain inequa}fj‘?z1 x; < 2 which is facet-defining
for Psy4p(G). Removing of edge,vs changes the problem completely. Consider therefore
Fig. 4.2.3(c). The computed inequality is no longer valid as the edgeg is not strongly
projectable any more. It is the central edge of a bull. We use the idea indlicpt€or.4.2.9
and compute a (maximum) cligug. In this case we choos@ = {v2}. Edgevsv, is removed
and after the projection we obtain the graph of Eig.3(d). Using again the clique inequality
indicated byvq, vo anduvg leads to inequalityey + x5 + x5 + x5 + x¢ < 2 which is now valid
for PSTAB(G)-

In both examples of Figt.2.3the rank inequality valid foPs7 45(G|e) cannot be trivially
lifted, because itis not valid faPsr 4 5(G) without anti-projection. The reason is that the graph
induced by the inequality contains a false edge. Clearly, a rank ineqgadlity) in the graph
Gle, whose induced subgraph does not contain any false edge, is alsdoralty; 45(G)
without anti-projection. Observe that the anti-projected inequality is domirmtéd, by) and
x(Tyy) < 1, according to Cor.2.7. Hence, it is better not to anti-project the inequality by).

Let us now consider the case that we have found a facet-definingaliggm G|e, for
instance a maximal clique. This is illustrated in Fg2.4(a) and (b). The inequality after

Tested graphs: brock200_1, brock200_2, brock200_3, bfftk® brock400_1, brock400_2, brock400_3,
brock400_4, brock800_1, brock800_2, brock800_3, brogk&0 c-fat200-1, c-fat200-2, c-fat200-5, c-fat500-1,
c-fat500-2, c-fat500-5, c-fat500-10; hamming6_2, hammingBamming8_2, hamming8_4, hamming10_2, ham-
ming10_4; johnson8-2-4, johnson8-4-4, johnsonl16-2-4, johB&d4; keller4, keller5; p-hat300-1, p-hat300-2,
p-hat300-3, p-hat500-1, p_hat500-2, p_hat500-3, p_hat700hktp00-2, p_hat700-3, p_hat1000-1, p_hat1000-2,
p_hat1000-3, p_hat1500-1, p_hat1500-2, p_hat1500-3; sa@20Q, san200_0.7_2, san200_0.9_1, san200_0.9_2,
san200_0.9_3, san400_0.5_1, san400_0.7_1, san200, 8anZb0_0.7_3, san200_0.9 1, san1000; sanr200_0.7,
sanr200_0.9, sanr400_0.5, sanr400_0.7; C125.9, C250.9.
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Figure 4.2.3: Edge projections

the anti-projection is not facet-defining fétsr45(G), as it is dominated by the two edge-
inequalitieszy + x4 < 1 andzse + z3 < 1. In addition, it is not even a necessary condition
for a facet-defining rank inequality &f that the inequality otz |e before the anti-projection is
facet-defining. This is shown by Fig.2.4(c) and (d). The inequality in (d) is dominated by the
two clique inequalities; + z4 + x5 < 1 andzg + 7 + xg < 1, while the inequality according
to (c) is facet-defining, compare Ch&p4. Let us summarize this in the following lemma.

Lemma 4.2.10.A facet-defining inequality faPsr45(G|e) is not in general facet-defining for
Psr45(G). Itis not necessary for a rank inequality to be facet-definingier 45 (G) that the
inequality before the anti-projection is facet-defining 4745 (Gle).

Vo U3 V2
U1 Vg | vél
(a) Not facet inducing (b) Facet inducing

(c) Facetinducing (d) Not facet inducing
Figure 4.2.4: Edge projections and facet-defining inequalities

We want to look more closely at the polyhedral structure of the edge piajeé-or the case
of an inequality being facet-defining @n—I",,,, Theoren’3.2.30f NEMHAUSERand TROTTER
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can be used to lift it to a facet-defining inequality B¢, 45(G). Therefore, lelV C V and
x(W) < I be a facet-defining rank inequality fétsr45(G — T'y,) for a strongly projectable
edgeuv € E. Then, the inequality

x(W U {u,v}) + Z air; <l+1

v; €lNyo

with coefficients
a; =14+ 1—a(G[W\T'(v)])

is facet-defining forPs745(G). Note that in this case the coefficients 1oy, are independent
of each other. They are uniquely determined by the objective functiore \@fla stable set

problem on a subgraph ¢f. As the coefficient depends on the stability number of an induced

subgraph, it may become too time-consuming to calculate it exactly. Howegtretmthen the
inequalityz (1) < [ it would be enough to have an upper bountbr a(G[W \ I'(v;)])). The
new coefficient is them; = max{1,/ + 1 — a}. Hence, ifa < [ + 1 the resulting inequality
is already strengthened. As this subproblem is a maximum-cardinality stalpeobétm, one
could use for instance a clique covering for the upper baund

We have seen that an anti-projected inequality can be lifted to a facet, vératserestric-
tion onG — I, was facet-defining. In the following, we introduce a sufficient conditmmeh
inequality to be facet-defining fdPs 45(G — Ty, ) after the anti-projection. What we need is a
special edge. We call a false edgeritical for an inequality(3, by) and a strongly projectable
edgee, if inequality (3, bo) is not valid any more foPsrap(Gle) if € is deleted fronG|e.

Proposition 4.2.11.Lete = uv € E be strongly projectablelV C Ve, andz(W) < [ be
facet-defining forPsr45(Gle). If for e and x(W) < [ there is a critical edge, and a stable
setS C Win Gle such thatS N T'(u) = SNT'(v) = 0 and|S| = [, then the inequality
(W U {u,v}) <1+ 1is facet-defining foPs7 4 5(G — T'yy).

Proof. Let 8 € R", by € R with
for all stable setsS in G — Ty : XS (W U {uw}) =141 = "% =by.  (4.2.1)

We have to show that there is a constar R with 3 = ¢ - x"W {u andby = ¢ (1+1). This
will be done in three steps.

First step. We will show that, = 3,. LetS be as assumed. TheéhJ {u} is a stable set on
G with cardinalityl + 1. This implies together with4(2.7) that3 " (xS + x{*}) = by. The same
can be shown fop which givesg " (x° + x1"}) = by. These two identities implg, = 3,.

Second step. The existence of a constaatR with [y = § - x"V will be shown where
|| means the restriction gfto the sel/|e C V. According to the definition of the projection
Gle, the addition of one of the two nodesor v to an arbitrary stable s& in G|e will lead to
a stable set iz (this is only valid for one of the two nodes in general). Otherwfseould
contain a nodev; € I'(u) and a nodav, € TI'(v) which is a contradiction ag; andw; are
adjacent inGle. Therefore for all stable setS C W in G|e with cardinality! there exists a
nodew € {u,v} with

(S + X)W U {u,0}) =1+ 1.

critical false edge
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This implies together with4.2.1) that 3T (xS + x™) = by. With the result of the first step we
getthatd " |y/.x® = b— 3, for all stable sets in G|e satisfyingx® (W) = I. Sincez(W) <
is facet-defining orPs14(Gle) there is a constargte R with 3|y, = £ - x".

Third step. It will be shown that from step two satisfie§ = 3, (= 5,). Leté = wjws be
a critical false edge. Then there is a stable®&t W in G|e with sizel — 1 and the property
that after deleting from G|e the extensiors U {w;, w2} is a stable set. It can be assumed that
wy € I'(u). Then

SUtwrel(w y {u,v}) = 141
and S WU fue}) = 141

This enables us to usé.@.1) and we obtaing " ySU{wrw2}t — p and g7 ySU{wrvl — . Com-
parison of the coefficients yields the equality, + 8., = Bw, + 5 Which can be simplified
to B, = Bv. ASwy is in V|e we get from step two that = 3,.

Up to this point we have shown that there is a consgantth 5 = ¢ - y"WU{uv}t, As the
inequality "V {»v} <[+ 1 is valid and the face is not empty, = ¢ - (1 + 1) and the proof is
complete.

O]

The assumptions of Prog.2.11are satisfied if// is a maximal clique inG|e with size 3
or more and one of its edgeéss a false edge. In this casejs a critical edge inG|e and one
can choos& = (. If in addition the nodes oF,, are only adjacent te, v, I'(u) or I'(v) the
anti-projected clique inequality is facet-defining B¢ 45(G). If W = Ve induces an odd
hole in G|e and E|e contains a false edge, then the anti-projected inequality is facet-defining
for Psrap(G — I'yy). For lifted odd-cycle inequalities ifi|e this is not generally true. There
is an counterexample with only 6 nodes.

(a) Not facet inducing rank inequality (b) 5 wheel with 7 nodes

Figure 4.2.5: Edge projection for general inequality

One observes that all the presented results were restricted to ranklitiequ The reason
is that the anti-projection may fail for general inequalities. An example ingivé-ig. 4.2.5
The graph of sub figure (a) is projected with the strongly projectable egdge The result can
be seen in sub figure (b). This graph contains one 5-cycle and the wesng vs which are
adjacent to all nodes of the graph. The resulting wheel inequality reads

5
Zl’i + 2x¢ + 229 < 2.
=1
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The anti-projection with Theorerh.2.5would result in the inequality

5
in+2$6+x7—l—x8—|—2x9 <3.
=1
This inequality is no longer valid sindes, vg } is a stable set it which violates the inequality.
With this example it is obvious that the anti-projection fails whenever there iseéage with
the property that the coefficients of both of its endnodes have a valategthan 1. The next
proposition deals with these cases and extends the edge projection tal geegualities. We
definemax () := 0.

Proposition 4.2.12.Lete = uv € F be a strongly projectable edge a@vie‘,le a;x; <l be
valid for Ps745(G|e) and not dominated by a non-negativity facet. The inequality

Z a;z; < 1+ a with a; := a := max {a; | v; is an endnode of a false edge
v; €V

forall v; € V'\ V]eis valid for Psr4p(G).

Proof. Without loss of generality we can assume that N for all v; € V|e. LetS be a stable
set onG, with a node-weighting which is given through the coefficienis of the inequality

Z a;x; <1+ a. (4.2.2)
v; €V

We construct a stable s&ton Gle and show that ifS satisfies the inequality

> ai <1, (4.2.3)

v;EVle

thenS satisfies inequality4.2.9. Therefore we consider the following cases and assume first
thatT',, = 0.

Case 1:u € S. This implies thaw ¢ S and that there exists ng € I'y, with v; € S.
Hence, the sef := S\ {u} is a stable set ofi|e with a(G.[S]) = a(G,[S]) + a,. This shows
thatS satisfies4.2.2) if S satisfies4.2.3.

Case 2.u ¢ Sand3v; € T', withv; € S. Letw € T, be inS. If there is no suchw the
setS is a stable set ifiz|e and there is nothing to show. Since edgs strongly projectable it
cannot be the central edge of a double fork which implies that

(S\ {vi,whH)NT, =0
or (S\{v,w}) NIy, =0.

Without loss of generality letS \ {v;, w}) N T, = 0. ThenS := S\ {v;} defines a stable set
in G|e which shows that in this case inequalit/2.2) is valid for S.

We only have to discuss the caBg, # () as all other cases are trivial or equivalent to the
two cases discussed above. ket T, be inS. We claim thatS := S \ {w} is a stable set on
Gle. Firstof allS C Ve asT', U {u, v} is a clique, compare Lemm&2.7. It defines a stable
set onG|e because is strongly projectable and therefore not the central edge of a bull. This
closes the proof. O
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In case the computed inequality in the projected graph does not contairalaeyeidge,
Proposition4.2.12uses the observation that this inequality is also valid for the graph before
projection. In this case inequalitie4.2.2 and @.2.3 are identical, ag = 0. Consider again
Fig. 4.2.5 The use of Propositioﬂ.Z.lZgivesZf’:1 x; + Z?zﬁ 2x; < 4. This inequality is
valid for Ps745(G) and even facet-defining.

We want to close this section with two remarks. Up to this point we have coesidely
one edge projection but it can also be done iteratively. The theory cadded straight for-
ward without any new result or restriction but it becomes a little bit technicalak its details
we refer again toRS07. The difficulties occur if one wants to implement this iterative edge
projection. We will discuss this in the next chapter together with other implememugitils.
The second remark is on the weighted stable set problem. Since the compmafedlites are
valid for the stable set polytope, they can also be used by separationeofia maximum-
weight stable set problem.

4.2.4 General Inequalities

In the following we consider two types of inequalities which can be adoptedyardeger
program. We start with the so-called local cuts which use polyhedrattsp#/e arrange a
linear program and see how a violated inequality can be computed from itsakféicients.
This method is followed by an introduction about mbduts which belong to the IQ/ATAL -
GOMORY cuts. We focus on the so-called maximal violated mioddts and consider two
examples.

Local Cuts

The principle of this method goes back te ALEGATE BixBY, CHVATAL and GookK in 2001,
cf. [ ]. They introduced the idea for the traveling salesman problem. It has been
changed and adjusted to the form we present it BSy@LD, cf. [ ].

Figure 4.2.6: Local cut

We explain the principle with Figd.2.6 If one knows all feasible solutions, .. ., S,, of
a particular problem, for instance the stable set problem, one could chededtorz* lies in
its convex hull or not. If it lies outside, the aim is to compute a facet whichraggmthis point
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from the convex hull. In the picture this is the dashed line. To get it, one Hastan interior
point I of the convex hull and calculate all vectarsfrom I to the feasible solutioy;. Let:
be the vector according to poiit A cone combination of* — 7 with the vectorss; provides

the information, if/ is inside or outside the convex hull. Therefore, consider the following LP.

min 17\ (4.2.4)
st (s1,-.,8m)A=a"—1i
A€ RY.

The objective function valuet(2.4 provides the information about the positionadf. If it is
greater than one, the cone combination is not convexidnigs outside the polytope. In order
to compute the facet separatimg from the convex hull, we consider its dual program.

)T

max (2" —1i) 'y
si
s.t. : y<1
Sim
y € R™.

The complementary slackness provides the following identities

(ILT - yT(Sla s >3m)))‘: 0
— y'(s1,...,8m)A=1TX
= yT(z* —i)A=1TA.

We know thatz* lies inside the polytope, iffi "\ < 1. This leads to the following inequality
y (z*—i) <1 (4.2.5)

which defines a facet of the polytope, which is not proven here. Thédefd side 0f4.2.5
depends or and the dual variables may be fractional. As this inequality is facet-defittieg,
coefficients have a greatest common divisor, which may be fractionaMealenote it byycd
and get

1
Jlo<—+7yi (4.2.6)
ged

with § := gﬁy. Inequality @.2.9 has now the integer coefficiens The right hand side may
be still fractional and one can strengthen this inequality by rounding its ade kide down.
This provides the so-callddcal cut

f@g{1+fﬂ. (4.2.7)
ged

The complexity of this method is dominated by the enumeration of all feasible sd@i@h
by the solution time for the linear program. The dual variables are a bydptad the solution
of the linear program with the simplex method. They can be calculated in linear tmetfre
optimal solutionz* of the primal LP, cf. | ]

local cut
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For the stable set problem, one maximal stable set can be computed in linear tithe bu
computation of all of them i&V"P- hard. Therefore, it is obvious that such a local cat2.7)
will not be computed for the whole graph. In this case the explicit enumeratiath solutions
would already provide the optimum. Hence, one has to select a subgrdgio@pute the cut
there. This explains the name "local cut” since it is "local" facet-defininghi® smaller graph.
The computation of the smaller graph will be discussed in Ch&ped

Mod-k Cuts

The appealing idea of the maddeuts is to find a multiplieg: such that a particular inequality
systemAx < b multiplied with this vectoru can be strengthened by dividing it by a positive
integerk. The following is due to{ ]

Letk > 1 be integer and suppose that we have given a system of linear inequaliti€sh
with integral coefficients. We multiply each inequalityvith a positive integer multiplief, .
Let i be the vector with the positive integer entrigsand appropriate dimension such that

p'A = 0 (mod k)
p'b = k—1 (mod k).

According to this construction, " A andy " b— (k — 1) are divisible byk without fraction. This
leads to the following inequality

pl Az <p'b—(k—1) (4.2.8)
which is valid for the polytope defined through cgmve Z"| Az < b}. As constructed

mod+ inequality inequality @.2.8 can be divided by which leads to the so-calledod-% inequality

%,JAQ: < %(/ﬂb ~(k—1)). (4.2.9)

Let z* be a fractional solution satisfying the inequality systdm < b. Vector z* can
violate @4.2.9 by at mostk — 1. This maximal violation can only be achieveduf Az = . "b.
One can reach that if,. = 0 for all » with A,.z* < b,, which means that only those inequalities
are considered which are tight fof.

V1 U1
(1) ©O.
(D) Dos o "@" v
O—O 66
U3 Vg U3 U4
(a) Odd hole (b) Odd wheel

Figure 4.2.7: Mod-2 cuts

Let us consider now some special cases for the stable set problem. dtfeeéh= 2
and consider Figd.2.7(a). Adding of the edge inequalities corresponding to that graph and
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multiplying them with factorl leads to inequality

5
Z 22; < 5.
=1

This inequality can be divided by 2 which yields to the mod-2 cut

5
dai<i-1) =2 (4.2.10)
i=1

We recognize that inequalityt(2.1Q is an odd-cycle inequality3(2.1). Therefore, if one
chooses the edge inequalities for the inequality system< b to be checked, one can sep-
arate the odd-cycle inequalities with the method described above. A frdctimingion which

is tight for the edge inequalities is the vallidor each variable corresponding to a node of the
graph. Note that the violation for an odd-cycle inequality with tight edge iaktigs is indeed

%. Next, consider the wheel with 5 nodes shown in Ei.7 The corresponding wheel in-
equality can be computed by addition of four clique inequalities and one edgaatity. We

obtain

5
Z 22; + 4z < 5.
=1

Dividing by factor 2 implies inequality

5
D ai+ 2a6 < 3. (4.2.11)
i=1

A possible solution vector is labeled in Fig.2.7. Note that there is no fractional solution for
the odd wheel with 5 nodes satisfying the four clique inequalities and oreeisdguality tight
and satisfying in addition a 5-cycle inequality. Veector

111111

37373333
is valid and satisfies all mentioned inequalities except for the odd wheel. Tdigests that in
this case inequalit¢.2.11is not a maximal violated mod-2 cut.

4.3 Branching

One time in a Branch & Cut algorithm the separation routines might not find aigted
inequality or the improvement of the addition of new inequalities is too small andlecides
to branch. The standard branching idea for a problem with binary Vesidb to generate
two subproblems. One (fractional) variable is set to value 1 in one prolbhehinathe other
subproblem it is set to value 0. For the maximum stable set problem this mgrathategy
leads to a very unbalanced Branch & Bound tree. To set a variable te Ydias an impact to
all nodes of its neighborhood as they are all set to value 0. In contedi$hgsa variable to value
0 has no consequence for all other variables of the graph. To avoidriwsack, one could
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think to set in each subproblem of the tree at least one variable to valuetie following we
will introduce a branching strategy which has this property. The idealgadsto BaLAS and
Yu, [ 1.

Let G = (V', E’) be the subgraph induced by the set of nodes which are not fixed in
a current subproblem. The goal in each subproblem is to find a maximute sethin the
particular graph of the tree or to proof the{G’) < L B with the lower bound.B. LetW C V'
and assume that we can show théG[W]) < LB. Clearly, if W = V' the subproblem can be
fathomed. Otherwise, if(G’) > LB any maximum stable set must contain at least one node
of setZ := V' \ W = {vy,...,v,}. On the base of that observatiomB:s and Yu showed
that every maximum-cardinality stable set with greater weight than the lowerdbmust be
contained in one of the sets

Vi={v,} UV'\ (T(v;) U{vis1,...,vp}) fori=1,... p.

Clearly, this is also true for the weighted case witz 1. This branching leads tp new
subproblems in one branching step. In each subproblem#ddeset to value 1 and all nodes
of I'(v;) U {vi41, ..., v, } are set to value 0.

The size ofi¥ and the ordering of the nodesihcan effect the total number of subproblems
that must be solved. Of course, the lariérs, the fewer subproblem will be generated in that
state. The size oV is strongly effected by the quality of the computed lower bound. To
determind/¥ is quite crucial and can be done for the cardinality stable set problemshamice
with a clique covering, cf. § , ]. Also other methods as matchings or holes\[/99
have been considered. In addition, the choice of the branching vahablalso a great impact
to the number of subproblems being solved. The size of the tree can ledeldy branching
on nodes with a high degree, which was empirically shown bRRAGHAN and RRDALOS
[ ]. The reason is the previously mentioned observation that with the branobite its
neighborhood is also set. To sort the nodes in each subproblem indasgemder of degree
seems to be computational expensive as the degree of all nodes hasalculated in each
branching step prior to sorting. Howeverg\BELL | ] showed experimentally that for
sparse graphs this is still convenient.
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Implementation Detalils

In this chapter we consider details of the implementation of a Branch & Cutrdolvihe max-
imum stable set problem. We start with the development of an algorithm puttingebered
ideas for the preprocessing together. The following section focusssroa aspects of the im-
plementation of separation routines. A key point in the realization of the gpdé-mmequalities
will be the removal of chords. As a by-product, we get an exact séiparroutine for the
odd-hole inequalities. The discussion of two heuristics for the clique itiégaas followed by
some aspects of the rank inequalities. We outline the implementation difficulties iterative
edge projection and introduce a data structure for coping with them. Thiersabout the sep-
aration routines is closed with some aspects of the local cuts andkroats. Two heuristics
providing upper bounds are presented in Secii@ The first one is a rounding heuristic using
an LP solution. The second heuristic algorithm tries to improve a stable set.

5.1 Preprocessing

In Chapterd.1we introduced the main ideas of a preprocessing for the stable set prolem.
will focus now on the algorithmic aspects of it.

Vg

V11

Figure 5.1.1: Preprocessing

We start with an algorithm which fixes cliques in a graph, according to Lethina Con-
sider Algorithm5.1.1 It manages a node s&f, which is at the beginning the node set of graph
G. In the while loop of step 5, each weight of node= M is checked if it is greater than all

53
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the weights of its neighbors and if its neighborhood is a clique. If both is tme,can put
into a maximum stable set and remove the cliquel {v} from G. This is done in steps 18
to 22. In order to find all nodes which can be fixed in that way, one hapdate/. All
neighbors of cliqgu&) are new candidates to be fixed. Therefore, they have to be checkied ag
which is done in step 16. The mode of operation of Algorithrh.1can be seen in Fich.1.1
The completely filled nodes are membersSobf Algorithm 5.1.1 The nodes and edges with
the same color symbolize a clique which has been fixed. In this example wgnizedhat
the clique@ contains one, two or three nodes. This shows that AlgorBhinlalso considers
isolated nodes and paths. Furthermore, we see thatuosleuld not be fixed if just the nodes
in the increasing order were considered and no update df/setre performed. In this graph
the fixing of cliques already solved the maximum stable set problem. Of cabiseannot be
generally true because Algorithtnl.luses only local information.

Algorithm 5.1.1 Clique fixing
Input:  GraphG. = (V, E, c)
Output: GraphG, C G, set of nodess and its weight,

I/ Initialize
1: S:=10, h:=0 // Stable set and its weight
2: Q :=0 [/l Clique
3. M :=V [l Set to administrate the nodes to be checked
4 Ge:=G Il Resulting graph after remove of hodes

/I Check each node of séf if it can be fixed
5: while M # () do
6: Selectnode € M
7.  Delete node from M

Il Check if the neighborhood efis a clique and itv has maximal weight
8: forall wel(v) do

o: if c(v) > c¢(w) ANVz € Q (zw € E) then
10: Q=QU{v}

11: else

12: Q =0,goto 5

13: end if

14:  end for

Il @ contains a maximal clique which can be fixed
/l Update...

15:  forall we @ do

16: M =MU(I'(w)\ Q) //...the nodes to be checked

17:  end for N

18:  Ge = G¢\ (QU{v}) II...graphG

190 M = M\ Q /I...the nodes to be checked

20.  Q:=0 /l..cliqueQ

21: S =SU{v} /l..stable set

22:  h =h+c(v) /l...weight of stable set

23: end while

24: return G, S andh
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We are now ready to put together the observations of Chdpténto one algorithm. The
splitting into connected components and the fact that a node can be fixed éiglstvis greater
than the sum of its neighbors have been neglected. Consider Algdsithi2 In step 2, it
deletes all nodes which have negative weight as they are not part okienom stable set.
Fixing of cliques is done in step 4 with the use of Algorithini.1 After all cliques have been
deleted, theCP consisting of edge and non-negativity inequalities is generated and stidved
the LP see also Chaf8.1 We have seen that nodes whose corresponding solution vector has
value 1 can be fixed. This node is added to Sedand the graph is updated. It is obvious
that Algorithm5.1.1can only fix new nodes if grap has been updated and hence the fixing
process is repeated until no node could be fixed.

One can ask for a justification of step 6. The question could be if therengraaes to
be fixed which could not be found by the clique fixing. Therefore, wrsa graph which is
induced by a chordless even cycle. On the one hand, in the cardinaléyAgerithm 5.1.1
will not be able to fix one single node for this class of graphs. On the ot kas this graph
is bipartite, the edge inequalities together with the non-negativity inequalitiesedefir 1 5.
This implies that theCP solution indicates a stable set and the problem is solved in step 6.
We recognize that in general, this preprocessing will solve the maximum stetippeoblem for
bipartite graphs. For the running time it is quite important that the clique fixingeples the
fixing with the help of theZP. The reasons are that all fixed nodes of a clique can potentially
be found by theCP fixing and Algorithm5.1.1may reduce the order of the graph which speeds
up the computational time of the LP solver. We will see in Chaptkow this preprocessing
performs on test instances.

Algorithm 5.1.2 Preprocessing
Input:  GraphG. = (V, E, c)
Output: GraphG, C G, set of nodesS and its weighth

Il nitialize
1. G=G
2: Delete all nodes front, which have negative weight.

/I Clique fixing and fixing of nodes correspondingd® solution with value one
3: repeat _ o N N
4:  Use algorithmb.1.1with input dataG;.. ReceiveG,., S and weighth. Union S with S
and add weight to h

5. ConstructCP of graphG
6:  SolveLP with simplex method and get optimal vector
7. forall 27 =1 do
8: S=8U {UZ}
9: h = h+ c(v;)
10: G=G \ (F(U,‘) U {Ul})
11:  end for

12 until fi(zr =1)

13: return  GraphG.., stable sef and its weight:
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5.2 Separation

This section focuses on some crucial points for the implementation of theasieparoutines
discussed in Chaptdr2. We start with the separation of the odd-cycle inequalities. Considered
are some modifications to decrease the computational time and to delete theaftardsid-
cycle. This will lead to an exact separation for the odd-hole inequalitieg digctussion of
the odd-cycle inequalities will be closed by a modification which destroys thetesss but
increases the speed of an algorithm. Together with a heuristic computing a religue, the
idea of lifting 3-cycles in linear time is presented in Sectto®.2 Some details of an iterative
edge projection algorithm are discussed in Sectigh3 The main part is the development of
an efficient data structure to handle the projection and its anti-projectiom sdlection of the
subgraph and the enumeration of all stable sets needed for the local putesénted in the
section about general inequalities.

5.2.1 0Odd-Cycle Inequalities

Consider now some details about the separation of the odd-cycle inequaliflesf we assume
that all trivial and edge inequalities are satisfied by a solution vectan odd-cycle inequality
can maximal be violated by vaILgs independent of its size. Therefore, small odd-cycles should
be preferred during separation. Recalling the definition of the edge tgeighv) = H%
provides for the case af!, + =¥ = 1 that the weights of the edges v~ andu~v* of auxiliary
graphH are zero. Hence, a minimum-weight pathirmay contain additional edges and nodes
which are not required in order to calculate a shortest path. To avoidhbisogmena, one can
use the trick to add a small positive value to the weights which are zero, fanoesl0~2. In
addition, this has the positive effect that in some cases unnecessarmgyeles are avoided. For
an example consider Fig.2.1(c) again.

A node whose corresponding variable has value 0 or 1 can be deletadHte auxiliary
graph H used by Algorithm4.2.1 The reason is that one single node with such a property
implies that no odd cycle containing this node can violate the odd-cycle inequEtigyefore,
let C' be an odd cycle containing with z; = 0. Asx, + x; < 1 holds for allk, [ € C,

_ _Cl -1
c(C) = g zj < 5
v; €V(C)
J#i

If a node ofC' has value 1, it can be reduced to the case above since their two neighbwes
cycle have value 0.

We already saw in Chapt8&r2that it is a necessary condition to have a chordless odd-cycle
inequality in order to be facet-defining for the stable set polytope. If wsider Fig.3.2.2(a)
again and compute an odd-cycle starting with nod®r v3, we see that the resulting cycle
will contain a chord. This is independent whether we add a small value to ightseor not.

The odd-cycle separation with Algorithth2.2will not deal with this case. Now, we want to
discuss an extension of it with the aim to delete all chords. Consider therligorithm5.2.1

It requires an odd cyclé' with mainly one property. Assumed is that the cycle has to be free
from node and edge repetitions, which is already satisfied according definétion of a cycle,
compare Chapl.1 A real restriction is that cyclé’ does not contain a smaller sub cycle which
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is odd and includes;. The computed odd cycle in Algorithth2. 1will meet these assumptions
if small values are added to all weights Bf which are 0. Let us now consider the details of
Algorithm 5.2.1 After relabeling the nodes of cyclg, it checks for each second node if it is
adjacent to it, step 6. It is enough to check only nodes which have anist@ghce in the cycle
as otherwise” would contain an odd sub cycle. Therefore we need the assumptionyalread
discussed. If two nodes in step 6 are adjacent, a chord has been detecstéep 7 the even
cycle containing node; is removed fromC'. The procedure starts again with this smaller odd
cycle, step 9. Observe that the assumptions are also met by the smallerlaystep 14 an
odd hole is returned. The running time is linear in the siz€'afs each possible chord is only
considered once. Therefore one could extend Algorigh2n2by calling Algorithm5.2.1after
step 2. This leads to an polynomial separation routine for the odd-holedtiées! Note that
this separation is exact.

Algorithm 5.2.1 Delete chords

Input:  GraphG = (V, E), odd cycleC and start node;
Ensure that” has no node repetition and there is no odd-cyclé i (C)]
containingu;

Output: Chordless odd cyclé' C C

/LReIabeI the nodes i@

1: C:={v; = w1, wiwe, wy, . .. ,w‘c|,w‘c|w1,w1} with w; € C
2. j:=2

3: forall j <|C| do

4. k=542

5. forall k< |C]| do

6: if WiwWg € E then

7 C = {wj, wjwjq1, Wjt1, ..., Wk, WpW;, Wj}
8: V; = W

9: goto 1

10: end if

11 k=k+2

12:  end for

130 j=4+2

14: end for

15: return Chordless odd cyclé’

The odd-cycle separation has the aim to find the most violated odd-cyclealitggn a
graph. In order to compute a solution for a stable set problem via a B&ait algorithm, it
is more interesting to get any violated inequality, within a toleranc€&herefore we consider
each odd-cycle inequality resulting from Algoritdn2.2in step 2 and check if its weight is
smaller thar% — . After that, we delete its chords with Algorithtn2.1and look at its size. If
the size is equal to 3 we lift it to a maximal clique, since we know that the resulteguadity
is facet-defining; for details see the next section.

All of the last modifications did not change the exactness of the separatiting. Now
we consider the following change: Compute only odd cycle&ifor a nodeu, if it is not
contained in an odd cycle already computed during this separation. Cligslys a heuristic
procedure. Consider therefore Fig2.1 Using the method described with ascending order to
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the indices of the nodes will compute only three 3-cycles. The sum of thé@okector for
each of them is equal to 1 and hence the according odd-cycle inequalitisatsfied. The odd
cycle containing nodes;, vg andwg is not detected. Hence, this separation routine would fail
to find any violated odd-cycle inequality for our problem. Neverthelessspleed up of the
separation routine is quite large and we decided to use this modification.

Figure 5.2.1: Not exact odd-cycle separation

5.2.2 Clique Inequalities

It is not a good idea to solvd/P- hard problems as a subproblem. Therefore we do not
separate the clique inequalities exact. Instead, we use a heuristic. tssalegdomly an edge
and computes step by step a maximal clique containing this edge. In each stepdenwhich

is adjacent to all selected nodes is added to the set. This added node Eletsedsrandomly.

It is done until the set of adjacent nodes is empty. By construction, theecisgquaximal and
defines a facet of the stable set polytope. If one is lucky, the clique @iggis violated by the
current solution and it can be added to the linear program formulation.

A second approach is to sequentially lift a 3-cycle to a maximal clique. Wieenles odd-
cycle separation recognizes a violated 3-cycle inequality, one can compuéximal clique
containing this triangle. As in the heuristic clique separation, step by stepmandelected
nodes are added until a maximal clique is found. The running time is lineae, saeh edge is
checked at most twice if the graph is stored in a sorted adjacency list. y{@rebimportant
that we only compute one maximal clique and not all maximal cliques which contiB-th
cycle. This cannot be done in linear time anymore. We will discuss the eff¢icat in the next
chapter.

5.2.3 Rank Inequalities

In this section we want to focus on the implementation of the edge projection. uiiaeo
again that the strength of edge projection lies in the reduction of the size gfdpb and the
increase of the density of the smaller graph. This gets even stronger.tivdedge projection
is used iteratively. We already mentioned that the theory does not bringeamynformation,
but the implementation itself is quite challenging. As the separated inequalitiesonaeanti-
projected, we have to store the information how this inequality is computed. didedieto
use a tree structure. Each node of the tree stores the information of @jeetipn. Once an
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inequality has been found, it can be anti-projected by walking up the treavafit look at this
in more details now.

START STOP

4

EDGE
SELECTION

¢ No

Yes
PROJECTION TERMINATE

|

graph empty

Yes

No

SEPARATION

No

cut(s) found

ANTI-
PROJECTION

Figure 5.2.2: Flowchart of edge projection

The edge projection is shown as a flowchart in Big.2 First, an edge has to be selected
which is the candidate for a projectable edge. The selection is quite crucelhavwé seen
that any violated inequality which contains false edges have to be anti-f@wjethis implies
that the projectable edges are added to the inequality and the ride hand isideedésed. If
the weights of these added nodes are too small, a violated inequality in the smatlemgay
be satisfied after the anti-projection. A possible choice could be to selgchodes where
the sum is greater tham6. As the strongly projectable edges for the interesting graphs are
very rare, the neighborhood of one of the endnodes of the edge lhasnwdified, for more
details see Chapl.2.3 This is another crucial step. Once a strongly projectable eddeas
been found, the graph has to be projected. This means that the medel’ as well as their
common neighborhoofl,,, have to be removed from the graph and the false edges have to
be added. In order to manage this update quickly, one could store the igrap adjacency
matrix. Each update step can than be done in constant time. If the projectiomdete,

a separation routine can be called—one has also the freedom to pragéitt #gcan be any
separation procedure which computes rank inequalitiessdRand SVRIGLIO suggested the
clique separation,HS04. Maybe, the reasons are that the new graph is denser which can be
exploited by this separation. In addition, a heuristic procedure is also @stedmpared to
other separation routines. The use of the clique separation is also justifieel theory, as there
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is a good chance that the anti-projected inequalities of maximal cliques atediefining. The
tricky part of the edge projection is the anti-projection as the data of theqgbimjestep(s) are
required. The tree structure can handle this quite efficient as alreadyomesh After some
inequalities have been computed one can project again to find more violatglities or can
terminate the program. It is also possible to go backwards in the tree. Thesittearoject
until the tree is empty and to go a few steps back before calling the separaimedpre.

5.2.4 General Inequalities

The implementation of a maximally violated madgenerator is not discussed in this diploma
thesis. We used a foreign code implemented IBydkE, [ ]. For details we refer for
instance to( ]. Next, we consider the

Local Cuts

In order to compute a local cut, one has to enumerate all stable sets expligttiie Aumber
of stable sets grows witt(2") this cannot be done for the whole graph. Therefore, a subgraph
has to be selected. Before we present a heuristic for its computation, kvatlsome properties
which such a subgraph should meet. The subgraph should be conn@dtedwise one could
tighten the computational time by partitioning the problem into several subproblEmssize
of the graph is a crucial point. Together with the density it effects the nuoflsable sets in
the graph. This is not only crucial for the enumeration but also for the tirsdetto solve
the LP, the number of constraints is the number of feasible stable sets. irhatdLP solver
can handle LPs with up to 10000 inequalities quite fast providing our magnitddece, the
selected graph should contain 13 to 16 nodes. Another point is the LPofale nodes in the
subgraph. As already mentioned in other separation routines, variaithea value 0 or 1 are
not interesting. Most promising for a high violation are variables which halges close to
0.5. They should be preferred in the selection of the nodes for a qathgra

Now, we present the idea of the selection of a subgraph. Select a riode WP solution
has a value close to 0.5 and add it to the graph. Select now some nodeseafitbarhood
and prefer again the nodes which LP value is close to 0.5. This is doneviédydtir the added
nodes until the whished size of the subgraph is reached.

After the subgraph has been found, we have to enumerate all stabl@Isistsan be done
for instance in generating all 0-1 permutations and checking if they buildodessat inG or
not. We used a slight modification where we construct a stable set fromebieys generated
stable set.

The interior point is calculated as a convex combination of all solutions. fMbiee of the
interior point effects the resulting facet but it does not effect if atfeectound or not. We have
to compute the greatest common divisor in order to get an inequality with integéotents,
compared.2.4 which is calculated in the standard way, see Algorith&2
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Algorithm 5.2.2 Greatest common divisor
Input:  Real number andb
Output: gcd(a,b)

1: whilea > (b+¢) V (a > (b—¢)) do

2. ifa > bthen
3: a=a—">
4: else

5 b=b—a

6: endif

7: end while

8: return a

5.3 Lower Bounds

During a Branch & Cut algorithm, the computation of lower bounds for a maxiioizaroblem

is very important to decrease the running time. The branching and sepgraticess provide
upper bounds which decrease continuously. The only way to get loserds for a Branch
& Cut algorithm is to receive them from an integer solution of an LP. This mdaat in the

optimum vertex of the polytope all facets are known. Since all feasible sofufoovide a
lower bound, one could also use heuristics. We will present two of them.

5.3.1 Rounding Heuristic

After an LP has been solved one can check if the solution is integer fed§ithlis test fails, the
separation or branching step is called. Between these steps one cagutistds to increase
the global lower bound. With the information of the LP solution, we constratagimal stable
set with Algorithm5.3.1 The heuristic puts all nodes in a sewhich solution vector has the
value 1. This set is a stable set as it is assumed that solusatisfies the edge inequality. The
neighbors of the added nodes are marked that they cannot get a mdrShstap 7. All nodes
which are not added t§ are put into a sef’ together with a weight. This is the LP solution
value multiplied with the node weight of functian After this is finished, node sét is sorted

in ascending order with respect to the weighting, step 10. Step by step ouee are added to
setS until no nodes are left. Before a node is added it is checked if it is mafked guarantees
thatS is in each step a stable set. The computational time is dominated by the sorting in step
10. Hence, Algorithn®.3.1has a running time o® (V" log(V)).

5.3.2 Improve Stable Set

Consider the graph of Fich.3.1which is a copy of the graph of Fig.1.1 Assume that we
have maximum-cardinality stable set problem and that we are given a maxitlal staS as
indicated by the black filled nodes, vs, v; andvy;. We recognize that the shown maximal
stable setS is not of maximum size. One could for instance put nodeandwg into S and
remove nodes. The resultis again a stable set but the size has increased by value ded@3on
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why the new set defines a stable set is that the distance ofugddeall other nodes of s&f is
greater than 3. Here, the distance of two nodes is defined as the sizeoofessspath connecting
them. The second reason is that there are the two shortest(pathsvg, vg, vovs, v3v1,v1)
and (1}5, V5010, V10, V10?13, V13011, Ull) Connectingv5 with V1 andvn which have no node in
common. Since the two nodeg andv( are not adjacent, they can be exchangeS with vs.

Algorithm 5.3.1 Rounding Heuristic

Input:  GraphG = (V, E), LP solution vector: € [0,1]!V! and weight € ]R'f‘
Ensure that satisfies the edge inequalities
Output: Maximal stable sef

/I Initialize
1.S=0,F=0,y,=—-1VieV

/I Add all variables which have value 1 &
forall v; € V do
if z; = 1then
S=8U {Uz}
ij S F(vi) 1Y = 0
else
F=FU{(vi,zi*c;)}
end if
end for

[En
o

. Sort F' in the second argument

/I Add nodes taS until the stable set is maximal
11: while F' # () do
12:  Select elementy;, -) from setF’
13:  F=F\{(v;,")}
14:  if y; # 0 then
15: S=8SU{v}
16: Voj € I'(v;) ry; =0
17:  endif
18: end while
19: return Maximal stable sef

The described method is generally true and we want to use this idea to formlgatéhm
5.3.2 Three arbitrary nodes of a stable set are selected in step 3. dWgde a candidate to
be exchanged from the stable set. Therefore two shortest paths tf Bfigm nodeuv;,, to
u andwv,, to v have to be calculated. This is done in step 4 and 7. If these paths exist, one
has to check if the exchange of nodg, with the two nodes:; andv; of the paths leads to a
stable set. Obviously, the nodesandwv, have to be non adjacent. Another condition is that no
node of the current stable set differentig, is adjacent to node; or v,. These conditions are
checked in step 7. Clearly, if they are met, the stabléSsen be increased, step 8 and 9. After
such an exchange it is possible that the resulting stabl§ isatot maximal, even if it is greater
than the original set. The reason is that one of the neighbors of the rdmodev,,,, can have
no neighbor inS. This is exploited in step 11.

The complexity of an exact check of all possible combinations is too high aramdomly
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V12

V11

Figure 5.3.1: Improve stable set

selected some cases and bound the running time by a timetJiqyt step 2. In order to do it
2

exactly, one would have to check for each nodegf < S all M possibilities foru and

v and compute all combinations of the two paths with length 3,,lf, denotes the maximal

degree inG, then there are at moét, . such paths for each pair of nodes. This yields in a total
2
running time ofO(|S| 1555 64 . 100(8maz)) = O(ISI? 640z 109(6maz))-

Algorithm 5.3.2 Improve Stable Set
Input:  GraphG. = (V, E, 1), stable se§ and time limitt,,, ..

Output: Stable sefS with |S| > |S]|

/I Intitialize
1: S = S; start CPU timet¢ py
/[ Try to improve until time limit is reached
2: while tcpy < tyae dO B
3:  Select three nodes,,, © andv from stable sef, arbitrarily
4:  Calculate pathP, = (viop, Veopur, ut, uusz, ug, ugu, uw) With Algorithm 5.3.3
5
6

if P, # 0 then
Calculate pathP, = (vtop, ViopU1, V1, V102, V2, v2v, v) With Algorithm 5.3.3
/I Check the sufficient conditions for the exchange

7 if (P, #0) A (wv1 € E) A (Aw € S,w # viop : (maw € EV vyw € E)) then
8 S =S\ {viop}

9: S:SU{ul,Ul}

10: end if

11; Add all possible nodes df(v;,,) to S.

122 endif

13: end while

14: return S

Observe that Algorithnb.3.2can be generalized to the weighted case witl 1. The
exchange of the nodes of a stable set leads then to a higher weighi,jf) < c(u1) + ¢(v1).
This condition has to be added to step 7.

Consider once more Fi%.3.1 The maximal stable set computed with Algoritfn®.2is
still not maximum. But in this case the presented improvement algorithm will fail thdin
better stable set which shows that this method is indeed a heuristic procéthwever, one
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Algorithm 5.3.3 Compute Path

Input:  GraphG. = (V, E, ¢), nodevsi,,+ € V and nodeve,q € V
Output: PathP with length 3 from node;,,+ to nodeve,,q

/I Check all neighbors of node,,.+ andv,,,q if they are adjacent
1: forall uy € T'(vstqre) dO

2. forall ug € I'(venq) do

3 if ujus € F then

4 return P = (Ustarh VUstartU1, U1, UTU2, U2, U2Vend, Uend)
5 end if

6: endfor

7: end for

8: return ()

could have expected that as the stable set problem is also hard to appgepxdompare Chap.
3.1 If we assumeP # NP there is even no guarantee for the quality of this algorithm.

This improvement algorithm can be slightly modified. For instance the gattasd P, in
step 4 and 6 should not be calculated independently. The conditions of seepbe checked
when computing them. In addition the nodes in step 1 and 2 of Algor&i8r8 should be
selected randomly. We will come back to the performance of that method in xhehepter
where we present some computational results.
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Computational Results

Before we consider some computational results, we summarize the implemeatexh Br Cut
solver combining the methods discussed in the previous chapters. It sitirtthey prepro-
cessing phase using Algorithtn1.2 The first LP-relaxation is set up via a clique covering.
For each node of the graph one maximal clique containing it is constructedoutse, this
relaxation is stronger thaP as the clique inequalities dominate the edge inequalities, com-
pare Theoren3.3.1 After an LP has been solved, all edge inequalities are tested to see if they
are satisfied. Whenever an edge inequality is violated, a maximal clique dagtétiis edge

is computed and added to the LP. If all edge inequalities are satisfied it is telsetder the

LP solution is integer feasible. Obviously, if this solution is an incidence vesfter stable
set then this (sub)problem can be fathomed. Otherwise, the roundirghpnaling heuristics
are called. The time limit for the improvement algorithm is se0 {2 seconds. If the gap
cannot be closed by the heuristics the separation process starts. ariehBr Cut solver be-
gins with the separation of the odd-hole inequalities and lifts the computed@&sdganaximal
cligues, cf. Chapb.2.1and5.2.2 This is followed by the clique heuristics, the edge projection,
the separation of moéi2, 3,5, 7} cuts and the local-cut method, see Chapfe?s2 5.2.3 and
5.2.4 Whenever less violated cuts thi®|/10 are computed, the next separation procedure
in this list is called. If none of these algorithms can find any violated cut, aalleeclarge
rank inequality is computed. This means that the edge projection is iterativetytex until

a graph of at most 75 nodes is reached. Then, this Branch & Cut sslagain used to solve
the maximum-cardinality stable set problem on this smaller graph. The optimumtogktber
with the nodes of the graph imply a rank inequality which has a high suppert the anti-
projection. All computed inequalities are stored in a cut pool. Each inequalitylysadded if

it is not contained in the pool. After an LP has been solved, all inequalitigshvitave a slack

= 0 are removed from the formulation. If no cuts during the separation camf@uted or

if the improvement of the LP solution is not better thidm#, the branching phase starts. The
method of B\LAS and Yu, cf. Chap.4.3 is used. The nodes of the induced subgraph of the
current subproblem are sorted in ascending order of their degfe.that a covering of these
nodes is constructed with the use of the rank inequalities stored in the poplbysttep the
inequality which maximizes the ratio of the right hand side and the number ofraataining

it is added. The Branch & Bound tree is scanned withitestBoundFirsttrategy.

65



Table 6.1: Computational results on DIMACS graphs

Branch & Cut

Instances LBt LP value in root # B & B nodes #LP Time
Name |V| Dens. « BC BC BGuank BCuigue BC  BCaunk BCuigue BC BC BGC.unk BCuligue
brock200 2 200 0.50 12 12 20.99 22.01 22.17 1002 1957  15iC 2726 477 292 424
brock200_ 4 200 0.34 17 14 2993 31.54 33.87 8227 8695 23457 13855 2128 661 683
brock400_2 400 0.25 29 22 63.84 67.66 70.89 161363°  +++  +++  37746° WROT e
brock400_4 400 0.25 33 23 63.89 67.98 71.85 186247°  +++ +++ 488820 457145 +++ +++
c_fat200-1 200 0.92 12 12 1271 1286 12.98 1 1 1 3 1 33 27
c_fat200-2 200 0.84 24 22 24.00 24.00 24.00 1 1 1 5 1 38 25
c_fat200-5 200 0.57 58 58 58.89 65.25 66.66 1 1 42 90 16 146 92
c fat500-1 500 0.96 14 11 14.00 14.98 14.90 1 1 1 16 323 697 1012
c_fat500-2 500 0.93 26 26 2697 57.78 90.51 1 130 304 13 81 1038 1171
c_fat500-5 500 0.81 64 64 64.70 67.08 67.58 1 2 2 10 26 1751 1754
c_fat500-10 500 0.63 126 118 126.00 223.29 223.32 1 672 547 5 4 209 211
C125.9 125 0.10 34 34 41.26 37.40 43.15 1097 80 3136 2234 29 18 28
C250.9 250 0.10 44 43 69.76 58.30 71.91 207462° 14195/  +++ 836120 49047° 11509¢  +++
hamming8-4 256 0.36 16 9 16.00 16.00 16.00 1 1 1 3 1 89 89
keller4 171 035 11 11  14.83 14.95 14.96 990 2070  425€ 2085 136 187 261
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Table 6.1: Continued

san200 0.7_ 200 0.30
san200_0.7_2 200 0.30
san200_0.9_ 200 0.10
san200 0.9 2 200 0.10
san200_0.9_ 200 0.10
san400_0.5_1 400 0.50
san400 0.9 400 0.10
p_hat300-2 300 0.51
p_hat300-3 300 0.26

30
18
70
60
44
13
100
25
36

16
14
69
38
39
10
73
17
30

30.00
18.50
70.00
60.00
44.00
13.24
100.00
33.81
54.12

30.71
19.18
70.00
60.00
44.80
17.14
100.40
34.19
53.19

30.69
19.24
70.00
60.00
45.68
27.68
100.40
34.42
95.95

577

1062C
228

1
1124
28064

139

686
3275¢€

38

46

194

844
5667

347

535¢
416

12
2327

4474¢

11

74
348
2

912

1170¢

17 24
11 15
2 2
6 6
8 5
147 315
131 131
1015 973
822€ 1322¢

+++ Could not be solved to optimality

b Statistics collected at CPU time limit
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The Branch & Cut algorithm is implemented in C++ with the ABACUS framework, cf
[abgd. We used CPLEX as the LP solver, cfcp[]. The processor of the test run is an Intel
Xeon with 2.8 GHz and 2.0 GB RAM. The CPU time limit is set to 12 hours. We tested the
implemented algorithm oBIMACS Challenge benchmark grapfigm] and uniform random
graphs cf. Chap. 4.1 in§{ ]. As benchmark we chose the Branch & Cut algorithms
of Rossiand SURIGLIO, [ ]. They have compared two Branch & Cut approaches using
only the clique inequalities, BG.., or the rank inequalities, BG,,. The DIMACS machine
benchmarks have shown that our computer is approximately 6.6 times fastéhéhane used
by Rossiand SuRrIGLIO in 2001.

All computed inequalities are checked with an independent program. Ebiimequality a
stable set problem on its induced subgraph is solved with the CPLEX mixegkimpeogram
solver to validate its feasibility. In addition, for all problems which could be sdlw the root
node, an LP with the computed inequalities is solved. This LP solution alwaysdiesen the
optimum value and the LP solution of the Branch & Cut solver. The differaacue to the
removal of inequalities with slack zero after an LP has been solved.

Now consider Tablé.1 and 6.2 These tables contain the computational results of the
implemented Branch & Cut algorithm which is in the following abbreviated by "Bl@"the
first 4 columns there is the information about the problem instances. Tlsityében.", is
the ratio oflvaiﬂ/ andq is the stability number of the particular graph. The column 4B
provides the (gho‘oal) lower bound in the root of the Branch & Bound tréke next three
columns give the LP solution value before branching. This is rounded @éowual to the dual
bound. The values of BC are stated next to the results of the algorithm litettature. This is
followed by the information about the number of nodes in the Branch & Bdrgelwhich is
the number of subproblems. The column "# LP" gives the number of solvedrlprograms.
The last three columns provide the needed CPU time in seconds of the thoe¢halg. The

graphs of Tabl&.1are the inverse graphs of the DIMACS clique benchmark graphs.

Let us look at the test results for the DIMACS graphs in Tahle The comparison of
the dual bounds of the three algorithms shows that BC is always better Bap,B. This is
not astonishing as B&,.. is mainly based on clique separation which is only one separation
routine in BC. However, the results of Bg;,. can be used to evaluate the other separation
routines of BC, as one could expect that the results of BC would be similaCtg,g if all
other separation routines of BC were turned off. For the whole algorithimpibre interesting
to compare BC with the results of BS,,. Observe that in most cases the dual bounds of BC
are even better than the bounds of,BG. An exception builds the two graphs "C125.9" and
"C250.9". The last graph could not even be solved to optimality by BC. Ppperbound after
12 CPU hours was still 57 and the gap 25.5%. All four "brock" graphe lgaite good bounds
compared to B(,,,... The "c_fat" graphs are all solved in the root node. Especially "c06a5'
and "c_fat500-10" have a very good result. Interestingly, the numtmsroputed inequalities
is quite small, see Tabl& 3. We again point out that all inequalities are checked. The LP with
all computed inequalities for "c_fat500-2" has value 26.48 and the soluiiofc f fat500-10"
is integer feasible. The optimality proof for all "san" graphs can be dotteeinoot node if the
optimum is known. Unfortunately, the lower bounds for "san200_0.7'sah200 0.9 3" and
"san400_0.5_1" differ from the optimum and the branching phase hasdatered. The gaps
for the "p_hat300" graphs are quite big. Nevertheless they can botivszigo optimality.



Table 6.2: Computational results on uniform random graphs

Branch & Cut

Instances LB,o: LP value in root # B & B nodes #LP Time

Name |V| Dens. @« BC  BC BGuan BCuigue BC BCrank BCalique BC BC BCant BCelique
G100_1( 100 0.10 30.8 30.2 34.92 - - 233 - - 405 4 - -
G100_20 100 0.20 19.9 193 2573 - - 346 - - 763 12 - -
G125 1( 125 0.10 344 335 415t - - 1634 - — 2274 35 — —
G125 20 125 0.20 21.7 20.5 30.40 - — 1766 - - 3552 116 — -
G150_1C 150 0.10 37.2 36.1 48.0t - - 8078 - - 1289C 350 - -
G150_20 150 0.20 23.2 21.7 3446 - - 8448 - - 13994 1211 - -
g100_10 100 0.10 31.4 - — 3330 3642 - 16 323 - - 4 5
g100_20 100 0.20 19.2 - - 23.13 26.66 - 26 676 - - 32 18
g125 10 125 0.10 33.3 - — 36.92 4287 - 144  404¢€ - - 23 75
g125 20 125 0.20 21.2 - -  26.07 31.11 - 222 3006 - - 123 101
g150_10 150 0.10 36.8 - — 4214 4814 - 803 1916C - - 361 702
g150 20 150 0.20 22.3 — — 30.34 35.54 - 1121 44081 — — 475 976

— Data not available
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70 Chapter 6. Computational Results

To some extent the downside of the good upper bounds is an increaseédRthéme. The
separation of the moé-cuts has no effect on the upper bounds but were quite time consuming,
see6.3. The computation of the local cuts and the large rank inequalities are algdimver
consuming with only very little contribution to closing the gap.

The computational results of the uniform random graphs can be seemlie &2 The
graphs are randomly constructed where each edge is selected with arfikedbility to be in
the graph. As the results of BC with BG,,. and BG4, are not 100% comparable they are
listed separately. Indeed, the average size differs. We recognize that the problems become
harder to solve if the density grows from 0.1 to 0.2. This is confirmed by thdtean literature,
cf. [ ) 3 ]. The lower bounds turn out to be close to the optimal solution on
average. However, the upper bounds are not so strong which explerhigh number of
subproblems and solved linear programs.

A first impression of the performance of the two heuristics is given thrabhghvalue of
"LB 00t in Table6.1and6.2 It shows that in several cases the optimal solution is already found
in the root of the Branch & Bound tree. This is very important for the totahiag time of the
algorithm. The lower bounds not only affect the gap but also have agsitmgpact on the size of
the branching tree. Especially for the random graphs the improvemenmstieis very effective
and finds the optimal solution in many cases. For the graphs with 100 nodespanbability
of 10%, "G100-10", in 20 out of 25 cases the improvement heuristicddli@ optimum. From
the much harder graphs "G150-20" still 13 instances were solved byehisstic. In all other
cases the optimum has been computed via an integer solution. This chantfesBoMACS
graphs. Here, the rounding heuristic performed better than the improvéeenstic.

The preprocessing with Algorithrd.1.2fails for the presented graphs. Not a single node
can be fixed. Only the two graphs "hamming6-2" and "hamming8-2" of theAllBI graphs
are solved to optimality in the preprocessing step (not shown in Tabjelt turns out that the
clique fixing works for random graphs with up to 80 nodes and 0.15 derisigy fixing due to
the structure of the&P is only effective for bipartite graphs. However, for the computation of
the large rank inequality this preprocessing is useful. As the graphsahgize equal to or less
than 75 nodes and the graphs have a different structure than the bgigiphs, some nodes can
be fixed which reduces the running time.

Now consider the generated cuts for all tested graphs which is showrbie @8. It has
already been mentioned that whenever an edge inequality is violated, a makgualcontain-
ing this edge is computed. The number of these cliques is given in column twbe Imext
column the number of odd-hole inequalities with support greater than of tecfuaan be seen.
This is followed by the number of lifted 3-cycles to maximal cliques. The numbelique
inequalities computed by the clique heuristics can be seen in column "cliquig'isTallowed
by the number of computed rank inequalities, nmiocts, local cuts and large inequalities. The
smooth numbers in the table come from the restriction of the separation rolEmesstance
the clique separation is stopped @&|/5 inequalities have been computed at the latest. Each
inequality counts only once in Tab&3, even if it is computed several times.

Let us interpret the results. One observes that the number of oddmittesize greater
than 3 is not so large compared to the total number of computed odd-cytlies, iethe sum of
column three and four. In most cases the odd-cycles turn out to be trsamgleh can be lifted
to maximal cliques. To get the total number of computed clique inequalities, arte had the
numbers given in columns two, three, and five. This shows that the totalenwhmequalities
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Table 6.3: Number of generated cutting-planes for the tested graphs
Instances # Inequalities
Name edge hole 3-cycle clique rank mbd- local large
brock200_2 3043 0 567 2247¢  2375% 0 45 40
brock200_4 66426 3450 10537 52037 57399 0 121 40
brock400 2 322701 1271€ 13811< 437211 32587( 0 177 46
brock400_4 428397 15019 181752 591953 399548 205 23
c_fat200-1 100 0 8 400 0 0 0 0
c_fat200-2 102 0 0 800 0 0 0 0
c_fat200-5 2327 0 3092 6572 405€ 0 0 0
c_fat500-1 250 0 0 3607 423 0 0 0
c_fat500-2 250 0 3 360C 0 0 0 0
c_fat500-5 504 0 51 2700 0 0 0 0
c_fat500-10 998 0 0 119¢ 0 0 0 0
C125.9 271 641 3 254 219 0 17 16
C250.9 861 14883: 172 1434 15041 0 143 34
hamming8-4 112 0 32 488 0 0 0 0
keller4 1674 147 745 4612 1177¢ 0 2 0
san200_0.7_1 184 0 0 549 0 0 0 0
san200_0.7_ 184¢ 57 82 2537 163 0 0 0
san200_0.9 1 177 0 0 217 0 0 0 0
san200_0.9_ 341 0 0 373 0 0 0 0
san200_0.9 3 922 100 0 250 0 0 0 0
san400_0.5_ 539¢ 4 112 61611 369¢ 0 0 0
san400_0.9 1 1120 0 0 1711 0 0 0 0
p_hat300-2 1409< 1397 3308  3449: 5761 0 109 60
p_hat300-3 351214 23087 5493 437683 31589 0 48 21
gl100_10 239 241 1 87 30 0 3 0
g100_20 319 626 72 423 940 0 9 0
g125_10 303 762 3 208 117 0 16 15
gl25 20 533 3194 163 781 2509 50 24 16
g150_10 367 338C 8 365 340 0 17 16
g150_20 788 12285 285 1364 8608 150 88 19
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is close to the sum of computed clique inequalities and rank inequalities. Aptextés the
two graphs "C125.9" and "C250.9". The number of computed rank iiégads quite high.
One should remember that this separation is only called if the odd-cycle ane skgparation
could not compute enough inequalities. Not only the quantity of the genestid@e and rank
inequalities but also their quality is very high. Their impact in reducing the iipgéend is much
more important than all other generated inequalities. The maximally violated{&d5, 7}
cuts separation is inefficient for the tested graphs. Only for randophgrevith density 0.2
have they been helpful. Interestingly, it can be observed that the maxinalyed modk cut
separation finds violated cuts very late in the separation process. This mheaif the tailing
off is reduced and the instances get hard, this separation will compute ldatgever, these
cuts are very weak as their effect on the LP solution is small. For the lotabod the large
rank cuts we recognize something similar. Their contribution to the reductithreafap is very
small compared to their running time.



Chapter 7

Summary and Outlook

In this thesis a strong Branch & Cut solver for the maximum stable set prablproposed. To
develop it we considered some polyhedral aspects of the stable sefqaoéytd examined some
of its facets. After a discussion of preprocessing we focused on tregat@n routines. The
odd-hole separation was combined with a clique heuristic. We discusseddbeejection
and introduced several new aspects. In particular, a sufficientiaritas been established for
an inequality to be facet-defining after the anti-projection. As a specialwasaw that, under
some restrictions to the common neighborhood of the projected edge, thalitiegiLcorre-
sponding to maximal cliques are facet-defining after the anti-projection.widgsonfirmed by
the computational results of the edge projection. In addition, two gengratat@n methods
for integer programs were tested. We also presented rounding and ingphmuristics.

Let us summarize the main ideas of this thesis:

Preprocessing by fixing of variables.

A new improvement heuristic.

Sophisticated lifting of 3-cycles to maximal cliques.

First adaption and computational results on nkoddts and local cuts for the stable set
problem.

Improved edge projection algorithm compared tog81and SVRIGLIO [ ] along
with new theoretical contributions to edge projection.

The implemented algorithm was tested on benchmark and random graphsombata-
tional results showed that the fraction of 3-cycles in the odd-hole siparsiquite large, which
supports the idea of lifting. The key computational results are the following:

e The upper bounds produced by the algorithm proposed in this thesioaseerably
better than those in the state of the art Branch & Cut software discussed in][

e The improvement heuristic together with the rounding heuristic producsdsagisfac-
tory lower bounds.

e The lifting of 3-cycles is effective with regard to upper bounds. Moegpit works very
fast.
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e This thesis gives evidence that méduts are of very little use for the stable set problem.
The local cuts help to reduce the upper bounds a bit but their separatienyigime
consuming.

e The edge projection arguably provides good cuts and is an importantfphe mnple-
mented Branch & Cut algorithm.

Further Branch & Cut solvers could focus on a combination of cliqueratipa and edge
projection. Another result of this thesis is that the odd-cycle separatmuidbe replaced by
an exact separation of the triangles only, which should then be lifted to maciiopags. As the
number of the computed rank inequalities is very high, a promising idea cotitdgteengthen
these inequalities. Since the exact lifting method is practically inefficient, a ctiquering
should be used to compute better coefficients. Another idea could be tatgereme clique
coverings and store them. They could then be used to compute a coveritige finduced
subgraph of the inequalities. This would lead to a (hon exact) lifting in linear titnéhird
approach could be to combine the edge projection with the separation ohgEmegualities.

We draw the conclusion that the maximum stable set problem is indeed vetytaglve.
The computational results depend strongly on the structure of the undpegsaphs. Inequali-
ties for which combinatorial polynomial time separation algorithms are knowngptikiholes,
are so special in structure that the impact is very limited. On the other haneraj@urpose
methods, such as mddor local cut, which work well on other combinatorial optimization
problems turn out to be inefficient for the stable set problem. Even thougk ieestigations
into the stable set problem have been made, the breakthrough is still misditigeastable set
problem remains one of the major challenges in the field of combinatorial optinmzatio
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