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Abstract. During the last decade, many problems in social, biological,
and ﬁnancial networks require ﬁnding cliques, or quasi-cliques. Cliques or
clique partitions have also been used as clustering or classiﬁcation tools
in data sets represented by networks. These networks can be very large
and often massive and therefore external (or semi-external) memory algorithms are needed. We discuss four applications where we identify computational challenges which are both of practical and theoretical interest.

1

Introduction

An undirected graph G is a pair (V, E) consisting of a nonempty, ﬁnite node set
V , |V | < ∞, and a ﬁnite (possibly empty) edge set E ⊆ V ×V of unordered pairs
of distinct elements of V . Graphs without loops and multiple edges are so-called
simple graphs. In a multigraph, we allow a graph to have multiple edges but loops
are not allowed. As we mainly consider undirected simple graphs in this article
we shall call them from now on just graphs and mention it otherwise explicitly.
Two nodes u, v ∈ V of graph G = (V, E) are adjacent if (u, v) is an edge of G;
i.e., (u, v) ∈ E. A graph is said to be complete if there is an edge between any to
nodes. The complement G := (V, E) of a graph G = (V, E) is the graph with the
same node set as G and the complement edge set E, containing only the edges
/ E}. A graph is
which are not in E; i.e., E := {(i, j) | i, j ∈ V, i = j ∧ (i, j) ∈
connected if there is a path between any two nodes of the graph, otherwise it is
disconnected. The connected components of a graph G are the connected nonempty inclusion-maximal subgraphs of G. The length of the longest path among
all shortest paths between any two nodes in the graph is called the diameter. The
density of a graph is deﬁned as the ration |V 2|E|
|2 −|V | . Two graphs G1 = (V1 , E1 )
and G2 = (V2 , E2 ) are called isomorphic, if there is a bijection φ: V1 → V2 such
that (u, v) ∈ E1 ⇔ (φ(u), φ(v)) ∈ E2 . A common subgraph of two graphs G1
and G2 consists of subgraphs G1 and G2 of G1 and G2 , respectively, such that
G1 is isomorphic to G2 . For a given node set S ⊆ V , G(S) := (V, E ∩ S × S) is
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the subgraph induced by S. This shall be enough on general graph theoretical
deﬁnitions for this article; more details can be found, for instance, in [1,2].
A set of nodes S is called a clique if the subgraph G(S) is complete. We
distinguish between a maximal clique which is not a proper subset of any other
clique in G and a maximum clique which is a clique of maximum cardinality;
i.e., the largest clique in graph G. A set of nodes S in a graph G is a stable
set if any two nodes in S are not adjacent. A stable set is sometimes also called
independent set, vertex packing, co-clique or anticlique. The deﬁnition of cliques
can be generalized by the concept of quasi-cliques. A quasi-clique, or γ-clique,
Cγ of graph G = (V, E) is a subset of V such that the induced subgraph G(Cγ )
is connected and has at least


q(q − 1)
γ
(1)
2
edges; where q := |Cγ | and γ ∈ [0, 1]. In the extreme case of γ = 0, G(Cγ ) may
have no edges and if γ = 1, then Cγ is a clique in G. A coloring of G is a partition
of V into disjoint stable sets, while a clique covering is a partition into disjoint
cliques. In the following, we call a clique covering a clique partition.
The maximum clique problem is to ﬁnd a maximum clique in a given graph
G. We denote the cardinality of a maximum clique in graph G by ω(G) which
is also called the clique number. Analogously, the maximum stable set problem
asks to ﬁnd a stable set of maximum cardinality. The cardinality of such a stable
set is denoted by α(G) and is called the stability number or stable set number.
The coloring number or chromatic number, which is denoted by χ(G), is the
smallest number of stable sets needed for a coloring of G. Similarly, the smallest
number of cliques for a clique partition of G is called clique covering number and
is abbreviated with χ(G). In this article, we are interested in ﬁnding a γ-clique of
maximum size for ﬁxed density γ; there are several other optimization problems
for quasi-cliques, such as, maximize γq, or ﬁx q and maximize γ.
As a clique in G corresponds to a stable set in the complement graph G, we
obtain the relation
α(G) = ω(G).

(2)

Furthermore, the following relations hold true
χ(G) = χ(G),
ω(G) ≤ χ(G),

(3)
(4)

α(G) ≤ χ(G).

(5)

Since the number of stable sets needed to cover a graph is equal to the number
needed to cover the complement with cliques, equality (3) is true. Hence, to ﬁnd
the coloring number or the clique covering number are algorithmically equivalent problems and we may discuss either of them depending on the application.
To partition the node set of a graph G into disjoint stable sets, one needs at least
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(a) Graph G

7

(b) Complement graph G

Fig. 1. A graph G and its complement G with ω(G) = α(G) = 4 and χ(G) = χ(G) = 5
Table 1. Maximum quasi-cliques for graph G corresponding to Figure 1 for diﬀerent
values of γ
γ
1
[13/15, 1)
[17/21, 13/15)
[0, 17/21)

Maximum quasi-clique
Cardinality
4
5
6
7

{1,2,3,4}
{1,2,3,4,5}
{1,2,3,4,5,6}
{1,2,3,4,5,6,7}

the size of a maximum clique in G. This is stated by inequality (4). Inequality
(5) is the consequence of (2), (3), (4) and the observation that the complement
of G is again G.
Let us now have a closer look at the graph G and its complement G in Figure 1.
Node sets {1, 2, 3, 4}, {1, 2, 3, 7}, {1, 3, 4, 5}, {1, 3, 5, 6} and {1, 3, 6, 7} deﬁne all
the maximum cliques in G (or maximum stable sets in G) leading to a clique
number of 4 for G. The clique covering number for G is 5 due to the nodes
2, 5, 7, 4 and 6 which form a so-called odd hole. This yields to the coloring
number of 5 for the original graph G, showing that the coloring number and
the clique number are not in general equal, conﬁrming relation (4). A smaller
example is given when the graph itself is an odd hole with 5 nodes. In this case,
a maximum clique has size 2, but the coloring number is 3. Table 1 provides
maximum quasi-cliques for diﬀerent values of γ. For instance, if γ < 17/21, then
the whole node set V deﬁnes a maximum quasi-clique Cγ . Increasing the γ value
steadily reduces the maximum cardinality of a quasi-clique.
The maximum clique problem and the clique covering problem are one of
Karp’s original 21 problems shown to be NP-complete [3,4]; i.e., unless P =
NP, exact algorithms are guaranteed to return a solution only in a time which
increases exponentially with the number of nodes in the graph. Furthermore,
Arora and Safra [5] proved that for some ε > 0 the approximation of the clique
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number within a factor of |V |ε is NP-hard. A similar result was proven by Lund
and Yanakakis [6] for the chromatic number. Computing a maximum quasiclique for an arbitrary γ is also NP-complete, as for γ = 1 the problem is
equivalent to the maximum clique problem. There is a large variety of exact and
heuristic algorithms available for the maximum clique problem [7,8,9] and the
clique partition problem [10]. Some recent work on quasi-clique algorithms can
be found in [11].
In this article, we focus on computational challenges related to cliques, quasicliques as well as clique partitions arising from four applications: Call graphs
(Section 2), coding theory (Section 3), matching molecular structures (Section 4),
and Keller’s conjecture (Section 5).

2

Call Graphs

Phone companies are faced with enormous data sets; e.g., resulting from long
distance phone-calls. In 1999, AT&T had approximately 300 million phone calls
per day leading to a yearly storage space of 20 terabytes [12]. However, the
analysis of such data is of great importance for the companies to study customer
patterns and to be able to optimize their operations.
Given the data for phone calls over a speciﬁc time period (e.g., ranging from
days to months), one can construct a so-called call graph as follows. Each mobile
user represents one node of the graph and there is a directed edge for each
phone call. Hence, the resulting graph is a directed multigraph as one user may
call the same user multiple times. Of interest in these graphs are especially
undirected quasi-cliques as they provide information about highly interconnected
users [13,14].
Graphs having millions of nodes are often refereed to as massive graphs. Even
the visualization of such graphs on a screen or basic statistical analysis are
challenging tasks [15]. As the graphs are very large, they typically do not ﬁt
into the RAM of the computer or even into the main memory – hence, so-called
external memory algorithms have been developed.
The call graphs tend to have speciﬁc properties. The most important ones are
[16,17]
– the graphs are very large; i.e., they have millions of nodes;
– the graphs have a very low density; i.e., in the order of 0.0000001;
– the graphs are often disconnected, though connected components can be very
large; i.e., they may have millions of nodes;
– the undirected diameter of the graphs is low; i.e., in the order of log(n);
– the node indegree din and the node outdegree dout distributions follow a
in
out
power-law; i.e., P (din ) ∼ d−γ
with γin ∈ [2, 3] and P (dout ) ∼ d−γ
with
out
in
γout < 2 where P (d) equals the number of nodes having degree d divided by
the total number of nodes in the graph.
Abello et al. [16] studied a call graph corresponding to 1-day landline phone calls
at AT&T and derived a call graph with 53 million nodes and 170 million edges.
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To exploit the special structure mentioned above, the authors made extensive
use of preprocessing. The algorithmic analysis of such graphs is practically very
important. However, the known algorithms do not scale well on such graphs.
This leads us to our ﬁrst challenge.
Challenge 1 (Algorithm for Massive Graphs with Very Low Density)
Design an eﬃcient algorithm together with a data base for the maximum γ-clique
problem tailored to massive graphs characterized by very low density and by the
node degree distribution following a power-law. Real world call graphs serve as
an excellent test bed.
Graphs with similar properties as the call graphs are the internet graphs, mobile
graphs, graphs from social networks, SMS graphs, or www graphs [17,18,19,20].
Sometimes scale-free properties can be observed in these graphs due to selforganizing processes making them so-called small-world networks [21]. Biological
networks lead to similar challenging problems with graphs [22].

3

Graphs in Coding Theory

A fundamental problem of interest is to send a message across a noisy channel
with a maximum possible reliability. In coding theory, one wishes to ﬁnd a binary
code as large as possible that can correct a certain number of errors for a given
size of the binary words.
For a binary vector u ∈ {0, 1}n, representing the words, denote by Fe (u) the
set of all vectors which can be obtained from u resulting from a certain error e,
such as deletion or transposition of bits. Note that the elements in Fe (u) do not
necessarily have to have length n; e.g., due to the deletion of digits. A subset
C ⊆ {0, 1}n is said to be an e-correcting code if Fe (u)∩Fe (v) = ∅ for all u, v ∈ C
with u = v. The problem of interest is to ﬁnd the largest correcting codes; i.e., a
set C of maximum size. For this to be meaningful, one has to have an idea about
the nature of the error e. One may distinguish single deletion errors, two-deletion
errors, single transposition including or excluding the end-around transposition
errors, or one error on the Z-channel [23].
Consider a graph G having a node for every vector u ∈ {0, 1}n and having an
edge (u, v), if Fe (u) ∩ Fe (v) = ∅. This way, an edge represents a conﬂict for an ecorrecting code. Such graphs are called conﬂict graphs. Due to the construction
of the graph, a correcting code corresponds to a stable set in G. Therefore, a
largest e-correcting code can be found by solving the maximum independent set
problem in the considered graph G.
Good lower bounds on the code size are especially interesting for asymmetric
codes, such as codes correcting one error on the Z-channel (non zero components
of any vector may change from 1 to 0). For that, several partition methods have
been proposed in the literature, using minimum stable set partitions on conﬂict
graphs. For the details of these methods, we refer the interested reader to [24,23].
The challenge for ﬁnding good lower bounds for code sizes is ongoing and tailored
stable set partition algorithms are needed.
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Challenge 2 (Algorithm for Conflict Graphs in Coding Theory). Design an eﬃcient algorithm for the minimum stable set partition problem tailored
to conﬂict graphs resulting from applications in coding theory.
Another example where minimum clique partitions are used as lower bounds are
mandatory coverage problems, where a set of demand points has to be covered
by a set of potential sites. Examples are ambulance location problems [25] or
tiling problems [26], which have both to be solved in real-time, i.e., within 2
minutes. For the latter problem, real-world instances resulting from cytology
applications can have the size of the magnitude of tens of thousands of nodes.

4

Matching Molecular Structures

In the pharmaceutical and agrochemical industry, the problem of establishing
structural relationships between pairs of three-dimensional molecular structures
is an important problem. These three-dimensional molecular structures can be
represented using graphs. For a protein, for instance, the nodes of the graph
are given by the α-helix and β-strand secondary structure elements, whereas the
edges are deﬁned through inter-secondary structure element angles and distances
[27]. In addition, both the nodes and the edges have labels, corresponding to the
atomic types and the interatomic distances, respectively [28].
Consider a pair of node and edge labeled graphs G1 = (V1 , E1 ) and G2 =
(V2 , E2 ). Then, one can construct the correspondence graph C as follows. Whenever two nodes v1 ∈ V1 and v2 ∈ V2 have the same label, there is a node in
graph C. Hence, the nodes in C are pairs v1 v2 and two nodes v1 v2 and v1 v2 are
connected in C if the labels of the edges (v1 , v1 ) ∈ E1 and (v2 , v2 ) ∈ E2 are
the same.
For a pair of three-dimensional chemical molecules, a maximum common subgraph in their corresponding graphs relates to the largest set of atoms that have
matching distances between atoms. Hence, a maximum common subgraph is an
obvious measure of structural similarity and gives important information about
the two molecules.
Due to the construction of the correspondence graph C for two graphs corresponding to a pair of such molecules, it is almost obvious that the maximum
common subgraphs in G1 and G2 correspond to cliques in their correspondence
graph C. Therefore, one can ﬁnd the maximum common subgraph of two arbitrary graphs by ﬁnding a maximum clique in their correspondence graph.
These correspondence graphs are characterized by their low edge densities –
typically between 0.005 and 0.2 [29]. As suggested in the review by Raymond
and Willett [30], the maximum clique algorithms currently available are computationally too expensive for these applications. This leads us to the following challenge.
Challenge 3 (Algorithm for Correspondence Graphs with Low Density). Design an eﬃcient algorithm for the maximum clique problem tailored
to correspondence graphs resulting from matching of three-dimensional chemical
molecules.
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Similar challenges occur when computing maximum cliques for the protein docking problem [31], where one wants to ﬁnd out whether two proteins form a stable
complex or not, or for comparing protein structures [32].

5

Keller’s Conjecture

Keller’s conjecture [33] goes back to Minkowski’s conjecture [34] which stated
that in a lattice tiling of Rn by translates of a unit hypercube, there exists
two cubes that share (n − 1) dimensional face [35]. Minkowski’s theorem was
proven by Hajós [36] in 1950. Keller suggested that Minkowski’s theorem can
be generalized as the lattice assumption might not be necessary. Indeed, Perron
[37] showed that this is true for n ≤ 6. However, for n ≥ 8 the lattice assumption
is necessary, which was shown by Lagarias and Shor [38] and Mackey [39]. The
Keller conjecture remains open for n = 7.
After 80 years, the rally towards the Keller’s conjecture has not been ended.
Almost as a by-product, a very interesting class of graphs for the maximum
clique problem has been derived. For any given n ∈ N+ , Corrádi and Szabó [40]
constructed the so-called Keller graph Γn . The nodes of Γn are vectors of length
n with values of 0, 1, 2 or 3. Any two vectors are adjacent, if and only if in some
of the n coordinates, they diﬀer by precisely two (in absolute value). The Keller
graph Γn is a dense graphs where the clique size is bounded by 2n , [41]. Corrádi
and Szabó [40] proved that there is an counterexample to Keller’s conjecture, if
and only if Γn has a clique of size 2n .
With the help of these results, Lagarias and Shor [38] used a block substitution
method to construct an appropriate clique, providing a counterexample for 10
dimensions. In a similar way, Mackey [39] constructed such a clique for dimension
8, proving that the Keller’s conjecture does not hold true for n ≥ 8. However,
as the case of n = 7 remains open, we get the following challenge.
Challenge 4 (Open problem [40]). For the Keller graph Γ7 , either ﬁnd a
maximum (cardinality) clique of size 128 or prove that none such clique exists.
Hasselberg et al. [41] contributed several test case generators to the DIMACS
challenge on cliques, among them are the Keller graphs. It turned out that the
Keller graphs lead to challenging maximum clique problems and, to our best
knowledge, no computational algorithms could solve the problem for n ≥ 6. Especially as the maximum clique size for the Keller graphs are known (except
for the cases of n = 6, 7), the Keller graphs are very useful graphs when benchmarking maximum clique algorithms with large graphs having high density. This
leads us to the next challenge.
Challenge 5 (Algorithm for Dense Graphs). Design an eﬃcient algorithm
for the maximum clique problem which is tailored to dense graphs. The Keller
graphs should be used to benchmark its performance while the goal should be that
the algorithm computes optimal solutions for the graphs with 2 ≤ n ≤ 8.
Table 2 summarizes the Keller graphs and their clique numbers. For the case of
n
n ≥ 6, we also know a lower bound on the clique number, given by ω(Γn ) ≥ 57
64 2 .
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Table 2. Keller graphs and their clique numbers
n # nodes
2
3
4
5
6
7
≥8

# edges

16
40
64
1,088
256
21,888
1,024
397,312
4,096
6,883,328
16,384
116,244,480
4n 21 4n (4n − 3n − n)

ω(Γn ) reference
2
5
12
28
–
–
2n

[40]
[40]
[40]
[40]

[39,38,41]

– open problem

6

Conclusions

We have seen four applications leading to large graphs for clique, quasi-clique and
clique partition problems. However, these graphs have diﬀerent structural properties. Most signiﬁcantly, the size of the graphs and their density vary greatly.
Tailored algorithms to each of these problems are required to be able to solve
these problems eﬃciently.
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